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Abstract
We compute the irreducible components and relative invariants of certain prehomogeneous spaces
arising in the theory of nilpotent orbits in complex reductive Lie algebras.
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1. Introduction
In [SK77], Sato and Kimura classified the irreducible prehomogeneous spaces and com-
puted their relative invariants, and in [Gyo91], Gyoja gave an alternative construction of
relative invariants in certain special cases. In the present paper, we study certain reducible
prehomogeneous spaces which arise naturally in the theory of complex nilpotent orbits
[Kos59,Kac80]. In [JNb], we extend this work to those prehomogeneous spaces arising
in [Noë98] in connection with real nilpotent orbits.
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516 S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–5571.1. Prehomogeneous spaces. Let k be an algebraically closed field of characteristic
zero. A prehomogeneous space over k is a pair (G,V ), where G is a connected algebraic
group over k and V is a regular representation of G with a Zariski-open orbit. The singular
locus is the complement of the open orbit.
The nilcone is the maximal G-stable hypersurface in V . We say that (G,V ) is regular
if the nilcone coincides with the singular locus.
1.2. Graded Lie algebras. Let g = [g,g] ⊕ Z(g) be a finite-dimensional reductive Lie
algebra over k, and suppose that
g =
⊕
α∈k
gα (1.1)
is a k-grading of g satisfying Z(g) ⊂ g0. Then we have the degree derivation δ defined by
δ(x) = αx for x ∈ gα ; since [g,g] is semisimple, this derivation is inner, and we can find a
semisimple element h ∈ [g,g] such that (1.1) is the weight space decomposition of g with
respect to h. Conversely, any semisimple element of [g,g] gives rise to a k-grading of g
satisfying Z(g) ⊂ g0.
Let G be a connected algebraic group with Lie algebra g, and let G0 be the closed
subgroup of G with Lie algebra g0. Then each gα is a representation of G0. By a the-
orem of Vinberg [Vin76, Proposition 2], (G0,gα) is a prehomogeneous space whenever
α = 0.
1.3. Standard triples and nilpotent orbits. Our interest centers on the case where h
can be embedded in an sl2-triple (h, e, f ). According to theorems of Kostant, Mal’cev,
and Jacobson–Morozov [Kos59, Corollaries 3.6, 4.2, and Theorem 3.4], the conjugacy
classes of such h (with respect to the adjoint group of g) are in one-to-one correspon-
dence with conjugacy classes of nilpotent elements. For classical g, we have the following
classification [CM93, Theorems 5.1.1–5.1.4]:
Theorem 1.2. Nilpotent orbits in gln are parametrized by partitions of n. Nilpotent orbits
in spn ( for even n) are parametrized by partitions of n in which odd parts occur with even
multiplicity. Nilpotent orbits in son are parametrized by partitions of n in which even parts
occur with even multiplicity, except that partitions having only even parts correspond to
two orbits (which are conjugate by an outer automorphism).
Nilpotent orbits in the exceptional algebras have also been classified [Dyn57,Elk72,
BC76a,BC76b]; we give the list in Section 4.
When h can be embedded in an sl2-triple, the prehomogeneous space (G0,g±2) is
known to be regular [Rub82, Proposition II.2.9]. However, (G0,gi ) need not be regular
for i = ±2 (Example 1.6).
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Young diagram Dp of p is the left-justified array of boxes whose row lengths are the
parts of p. For example, if p = [4,3,3,2,1,1], then
Dp =
The size of Dp , denoted |Dp|, is n, and the depth of Dp , denoted d(Dp), is the length of
its longest column. The diagram above has depth six and size fourteen.
We will also make use of the half-diagram D+p (respectively D−p ), which is the array
whose row lengths are the even (respectively odd) parts of p, arranged so that the rows are
horizontally centered. In the example above,
D+p = and D−p =
Label the columns of each half-diagram with integers −i,−i + 2, . . . , i − 2, i, and define
the half-column length cp(j) to be the length of the j th column of D±p . When the partition
is understood, we write c(j) in place of cp(j). In our example, the labeling is
−3 −1 1 3
−2 0 2
and we have c(0) = 4, c(±1) = 2, c(±2) = 2, and c(±3) = 1.
1.5. Module structure. Our first main result is a determination of the structure of gα as
G0-module. When g is classical, this is given by the following:
Theorem 1.3. Suppose that the h can be embedded in a triple (h, e, f ) corresponding to
the partition p. Then gα = 0 unless α is an integer. Furthermore, for any i ∈ Z,
(1) If g = gln, then
G0 =
∏
j
GLc(j) and gi =
⊕
j−k=i
Vj ⊗ V ∗k ,where Vj is the standard representation of GLc(j).
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G0 = Spc(0) ×
∏
j>0
GLc(j) and gi =
( ⊕
j−k=i
(j+k)>0
Vj ⊗ V ∗k
)
⊕ S2(Vi/2),
where V0 is regarded as an Spc(0)-module, V−j = V ∗j , and the last term in gi occurs
only when i is even.
(3) If g = son, then
G0 = SOc(0) ×
∏
j>0
GLc(j) and gi =
( ⊕
j−k=i
(j+k)>0
Vj ⊗ V ∗k
)
⊕
∧2
(Vi/2),
where V0 is regarded as an SOc(0)-module, V−j = V ∗j , and the last term in gi occurs
only when i is even.
We prove this theorem in Section 2. In Section 4, we discuss an algorithm for calculating
the structure of gi which we have implemented in LiE [vL94], and we give tables of results
for the nilpotent orbits in the exceptional Lie algebras.
1.6. Relative invariants. Let (G,V ) be a prehomogeneous space. A relative invariant
of (G,V ) is a polynomial f ∈ k[V ] which transforms by a character of G:
f
(
g−1v
)= χ(g)f (v).
Since the open orbit is dense, a relative invariant is determined up to scalar multiplication
by its character. Evidently any relative invariant is fixed by the action of the commutator
subgroup [G,G]. Conversely, if G is reductive, then any [G,G]-invariant polynomial is a
sum of relative invariants:
k[V ][G,G] =
⊕
χ
Fχ , (1.4)
where Fχ is the space of relative invariants of character χ . If Fχ = 0, then dimk Fχ = 1.
Let M be the set of all characters χ with Fχ = 0. Then M is a submonoid of the
character group of G, and (1.4) is an M-grading. Indeed, the ring of invariants k[V ][G,G]
is isomorphic to the monoid ring k[M]. Since k[V ] has unique factorization and [G,G] is
connected, k[V ][G,G] also has unique factorization and M is a free commutative monoid.
We call the generators of M the fundamental characters of (G,V ). The relative invariants
corresponding to the fundamental characters are prime, and the nilcone is the hypersurface
determined by their product.
Our second main result is a determination of the fundamental characters and corre-
sponding relative invariants of (G0,gi ) for classical g. We say that a pair of integers
(a, b) is gln-admissible if (1) (b − a)/i > 0, (2) a ≡ b (mod i), (3) c(a) = c(b) = 0, and
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if it is gln-admissible, (a + b)i  0, and if a = −b ≡ 0 (mod i) then c(a) is even. It is
son-admissible if it is gln-admissible, (a + b)i  0, and if a = −b ≡ i/2 (mod i), then
c(a) is even.
We have the following theorem, which we prove in Section 3:
Theorem 1.5. If g is classical and i = 0, then the fundamental characters of (G0,gi ) are
in one-to-one correspondence with g-admissible pairs. Specifically,
(1) If g = gln, then the character corresponding to the pair (a, b) is deta /detb, where
deta is the determinant character of GLc(a). The degree of the corresponding relative
invariant is ((b − a)/i)c(a).
(2) If g = spn, then the character corresponding to (a, b) is detsgn(a)|a| /detsgn(b)|b| , except
when a = −b ≡ 0 (mod i), in which case the character is 1/detsgn(b)|b| . In the former
case, the degree of the corresponding relative invariant is ((b − a)/i)c(a), while in
the latter case it is ((b − a)/i)c(a)/2.
(3) If g = son, then the character corresponding to (a, b) is detsgn(a)|a| /detsgn(b)|b| , except
when a = −b ≡ i/2 (mod i), in which case the character is 1/detsgn(b)|b| . In the former
case, the degree of the corresponding relative invariant is ((b − a)/i)c(a), while in
the latter case it is ((b − a)/i)c(a)/2.
In paragraph 3.4, we give explicit formulas for the relative invariants corresponding to
these characters.2 We give the fundamental characters for exceptional g in Section 4.
Example 1.6. Suppose that g = gl14 and p is the partition of paragraph 1.4. We arrange
the integers {c(j)} in strings corresponding to congruence classes mod i and indicate the
admissible pairs with arrows pointing to equal entries such that no weakly smaller entry
occurs between.
When i = 1, we obtain
j −3 −2 −1 0 1 2 3
c(j) 1 2 2 4 2 2 1
↑ ↑
↑ ↑
↑ ↑
↑ ↑
Since there are four admissible pairs, the nilcone is the union of four irreducible hypersur-
faces, of degrees six, two, four, and two, respectively. Since this prehomogeneous space
2 Theorems 1.3 and 1.5 and the formulas in paragraph 3.4 can be generalized to arbitrary h by reinterpreting a
few of the symbols: i, j, k need not be integers, but may take arbitrary values in k; c(j) is the multiplicity of j
as an eigenvalue of h; < is any additive total order on k extending the usual order on Q such that α < β implies
rα < rβ if r is a positive rational and rβ < rα if r is a negative rational; |α| means α (respectively −α) for α  0
(respectively α < 0); and the final clauses of parts (2) and (3) in Theorem 1.3 are removed.
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irreducible submodules V3 ⊗ V ∗2 , V1 ⊗ V ∗0 , V0 ⊗ V ∗−1, and V−2 ⊗ V ∗−3 have no relative
invariants other than constants, so their nilcones are empty and they are not regular [SK77,
Proposition 5.1].
When i = 4, we obtain
j −3 1
c(j) 1 2
j −2 2
c(j) 2 2
↑ ↑
j −1 3
c(j) 2 1
so the nilcone is an irreducible quadric. Evidently the subspace V2 ⊗ V ∗−2 ⊂ g4 lies in the
singular locus but not in the nilcone, so g4 is not regular.
Example 1.7. Suppose that p is the partition of the last example, but now g = sp14. For
i = 1, the gl14-admissible pairs are computed in the last example; of these, only (−1,1) and
(1,2) are sp14-admissible: (−3,3) is not admissible because c(−3) is odd and (−2,−1)
is not admissible because −2 − 1 < 0. Both of the corresponding relative invariants have
degree two. For i = 4, there is a unique sp14-admissible pair, whose corresponding relative
invariant has degree two.
2. Module structure
2.1. The general linear case. In this section, we prove Theorem 1.3 in the case where
g = gln. Let V be the standard representation of g. Since h is semisimple, we have a weight
space decomposition
V =
⊕
α∈k
Vα. (2.1)
Our first task is to determine the dimensions of the summands occurring in this decompo-
sition.
Lemma 2.2. If α is not an integer, then Vα = 0. For any j ∈ Z, dimVj = c(j).
Proof. We need to produce a standard triple (h′, e′, f ′) such that e′ has Jordan block sizes
equal to the parts of p and j occurs as an eigenvalue of h′ with multiplicity c(j). Let
(V (q), ρq) be the irreducible q-dimensional representation of sl2, and let (H,E,F ) be the
standard basis for sl2. Since p partitions n, we can regard ρ = ρp1 ⊕ · · · ⊕ ρpl as a map of
sl2 into gln. Then (ρ(H),ρ(E),ρ(F )) is the required triple. 
An endomorphism of V commutes with h if and only if it preserves the decom-
position (2.1). The first statement of the theorem follows immediately. For the second
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composition (2.1), we obtain
g =
⊕
j,k
Vj ⊗ V ∗k .
Since g acts by derivations of V ⊗ V ∗, we see that h acts on Vj ⊗ V ∗k by the scalar j − k.
The theorem follows.
Example 2.3. Let p = [2,2,1]. Then the half-diagrams are:
D+p =
−1 1
and D−p =
0
and we can choose a basis for V in which h has matrix diag(1,1,0,−1,−1). The non-zero
terms of the grading are
g−2 = V−1 ⊗ V ∗1 ,
g−1 =
(
V0 ⊗ V ∗1
)⊕ (V−1 ⊗ V ∗0 ),
g0 =
(
V1 ⊗ V ∗1
)⊕ (V0 ⊗ V ∗0 )⊕ (V−1 ⊗ V ∗−1),
g1 =
(
V1 ⊗ V ∗0
)⊕ (V0 ⊗ V ∗−1),
g2 = V1 ⊗ V ∗−1.
This decomposition can be visualized in matrix form by means of the diagram
V ∗1 V ∗0 V ∗−1
. . . . .
V1 g0 g1 g2
. . . . .
V0

. g−1 . g0 . g1 .
. . . . .
V−1 g−2 g−1 g0
. . . . .
where each term of the grading consists of those matrices which vanish outside of the
indicated blocks.
2.2. The other classical cases. We now prove Theorem 1.3 in the cases g = spn and
g = son. Let V be the standard representation of gln, let B be a non-degenerate bilinear
form on V satisfyingB(v,w) = εB(w,v) (ε = ±1),
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g = {x ∈ gln ∣∣ B(xv,w)+B(v, xw) = 0}.
We define a linear isomorphism φ :V → V ∗ by (φ(v))(w) = B(v,w) and a map θ :gln →
gln by
θ(x)v = φ−1(xφ(v)).
It is easy to check that θ is a Lie algebra automorphism, and that its set of fixed points is g.
Lemma 2.4. Under the identification gln = V ⊗ V ∗, we have
θ(v ⊗ λ) = −εφ−1(λ)⊗ φ(v).
Proof. The action of V ⊗V ∗ on V is given by (v ⊗ λ)w = λ(w)v, and the contragredient
action on V ∗ is (v ⊗ λ)µ = −µ(v)λ. Then
−ε(φ−1λ ⊗ φ(v))(w) = −ε(φ(v))(w)φ−1(λ) = −ε(εφ(w))(v)φ−1(λ)
= −φ−1((φ(w))(v)λ)= φ−1((v ⊗ λ)φ(w)). 
We now make an eigenspace decomposition
V =
⊕
i∈Z
Vi (2.5)
as in the previous section. Regarding the triple (h, e, f ) ⊂ g as a triple in gln, the Jordan
block sizes are again the parts of p, so by Lemma 2.2, we again have dimVj = c(j).
Lemma 2.6. If i+j = 0, then B(Vi,Vj ) = 0. Furthermore, the restriction of B to Vi +V−i
is non-degenerate, so that φ(Vi) = V ∗−i .
Proof. For v ∈ Vi and w ∈ Vj , we have 0 = B(hv,w)+B(v, hw) = (i+j)B(v,w), which
proves the first statement. The second statement follows from the first, together with the
non-degeneracy of B . 
The first statement of Theorem 1.3 follows, since g0 is the set of linear transformations
which preserve both B and the decomposition (2.5), and Vj is maximal isotropic in Vj ⊕
V−j for j = 0. For the second statement, note that
gi =
( ⊕
Vj ⊗ V ∗k
)θ
.j−k=i
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decomposition
V ⊗ V ∗ =
⊕
j−k=i
j+k>0
((
Vj ⊗ V ∗k
)⊕ (V−k ⊗ V ∗−j ))⊕ (Vi/2 ⊗ V ∗−i/2).
Now for j + k > 0, ((Vj ⊗V ∗k )⊕ (V−k ⊗V ∗−j ))θ is just the diagonal copy of Vj ⊗V ∗k . On
the other hand, Vi/2 ⊗V ∗−i/2 is spanned by elements of the form v ⊗ φ(w) for v,w ∈ Vi/2,
and by Lemma 2.4, θ(v ⊗ φ(w)) = −ε(w ⊗ φ(v)). Consequently
(
Vi/2 ⊗ V ∗−i/2
)θ = {S2(Vi/2) if ε = −1,∧2
(Vi/2) if ε = 1.
The theorem follows.
Example 2.7. Let p = [2,2,1] and g = so5. As in Example 2.3, we can choose a basis for
V in which h has matrix diag(1,1,0,−1,−1). The non-zero terms of the grading are
g−2 =
∧2
(V−1), g−1 =
(
V0 ⊗ V ∗1
)
,
g0 =
(
V1 ⊗ V ∗1
)⊕ (∧2(V0))= V1 ⊗ V ∗1 ,
g1 =
(
V1 ⊗ V ∗0
)
, g2 =
∧2
(V1).
As before, we can visualize this decomposition in matrix form, with the action of θ indi-
cated by dotted arrows:
V ∗1 V ∗0 V ∗−1
.

.

.

.

.
V1 g0 g1 g2
.

.

.

. .
V0

.

g−1 .

g0 . g1 .
.

. . . .
V−1 g−2 g−1 g0
. . . . .
3. Relative invariants
3.1. Preliminaries. Before proving Theorem 1.5, we recall some facts from classical
invariant theory.
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correspondence with Young diagrams of depth not exceeding n. We denote the represen-
tation of GLn corresponding to a diagram D by ρDn . If E is the diagram consisting of i
columns of depth n, then ρEn is the one-dimensional representation g → (detg)i .
The representation ρDn restricts irreducibly to SLn. Two such restrictions ρDn and ρEn are
isomorphic if and only if the diagrams obtained from D and E by striking out all columns
of depth n are the same.
Let V and W be the standard representations of GLn and GLm, respectively. Then V ⊗
W ∗ is a representation of GLn ×GLm. The isotypic decomposition of the polynomial ring
k[V ⊗W ∗] is given by the following:
Theorem 3.1 [How95, Theorem 2.1.2]. As GLn ×GLm-module,
k[V ⊗W ∗] =
⊕
d(D)min(n,m)
(
ρDn
)∗ ⊗ ρDm .
The summand (ρDn )∗ ⊗ ρDm consists of homogeneous polynomials of degree |D|.
We have similar decompositions for k[S2(V )] and k[∧2(V )]:
Theorem 3.2 [How95, Theorems 3.1 and 3.8.1]. As GLn-module,
k
[
S2(V )
]= ⊕
d(D)n
(
ρDn
)∗
,
where the sum is only over those D whose row lengths are all even, and
k
[∧2
(V )
]
=
⊕
d(D)n
(
ρDn
)∗
,
where the sum is over those D with even column lengths. In each case, the summand (ρDn )∗
consists of homogeneous polynomials of degree |D|/2.
Now let G = Spn or SOn. Then the pair (GLn,G) is spherical in the sense that each
irreducible representation of GLn contains at most one G-fixed vector (up to scalar multi-
plication). Indeed, we have
Theorem 3.3 [GW98, cases AI and AII, p. 550]. If G = Spn, then the space of invariants
(ρDn )
G is non-vanishing if and only if all columns of D are even. If G = SOn, then (ρDn )G
is non-vanishing if and only if all n rows of D are even or all n rows are odd.
The finite-dimensional irreducible regular representations of On are in one-to-one corre-
spondence with Young diagrams whose first two column lengths have sum not exceeding n.
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tion σDn restricts irreducibly to SOn, unless the depth of D is n/2, in which case it splits
into two irreducible SOn-modules.
Now let V be the standard representation of On, and let W be the standard representation
of GLm. We can regard V ⊗W ∗ as a space of m-tuples of vectors in V , and the quadratic
polynomials {rij } defined by
rij (v1, . . . ,vm) = 〈vi ,vj 〉
are On-invariant. The span of {rij } is an irreducible GLm-module isomorphic to S2(W).
A polynomial f on V ⊗W ∗ is said to be harmonic if ∆(f ) = 0 for every On-invariant
constant-coefficient differential operator ∆ for which ∆(1) = 0. We denote the set of har-
monic polynomials by H[V ⊗W ∗].
Theorem 3.4 [How95, Theorem 3.5.2]. The multiplication map
H[V ⊗W ∗] ⊗ k[V ⊗W ∗]On → k[V ⊗W ∗]
is surjective. The algebra k[V ⊗W ∗]On is generated by {rij }, and as On × GLm-module,
H[V ⊗W ∗] =
⊕
d(D)min(n,m)
(
σDn
)∗ ⊗ ρDm .
The summand (σDn )∗ ⊗ ρDm consists of homogeneous polynomials of degree |D|.
3.2. The general linear case. We now prove Theorem 1.5 for g = gln. By Theorem 1.3,
we have
G0 =
∏
j∈Z
GLc(j) and gi =
⊕
j−k=i
Vj ⊗ V ∗k .
For each j between 0 and |i| − 1, put
Hj =
∏
k∈Z
GLc(j+ki) and Wj =
⊕
k∈Z
Vj+(k+1)i ⊗ V ∗j+ki .
Then G0 =∏|i|−1j=0 Hj and gi =⊕|i|−1j=0 Wj . Moreover, since Hj acts trivially on Wk for
j = k, we have
k[gi][G0,G0] = k
[
W 0 ⊕ · · · ⊕W |i|−1][G0,G0]
= (k[W 0]⊗ · · · ⊗ k[W |i|−1])[G0,G0][ ] 0 0 [ ] |i|−1 |i|−1= k W 0 [H ,H ] ⊗ · · · ⊗ k W |i|−1 [H ,H ].
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By Theorem 3.1, we have
k
[
Wj
]= k[⊕
k∈Z
Vj+(k+1)i ⊗ V ∗j+ki
]
=
⊗
k∈Z
k
[
Vj+(k+1)i ⊗ V ∗j+ki
]
=
⊗
k∈Z
(⊕
Dk
(
ρ
Dk
c(j+(k+1)i)
)∗ ⊗ ρDkc(j+ki))
=
⊕
{Dk}
(⊗
k∈Z
(
ρ
Dk−1
c(j+ki)
)∗ ⊗ ρDkc(j+ki))
where the sum is over all sets of diagrams {Dk} with
d(Dk)min
(
c
(
j + (k + 1)i), c(j + ki)).
Let {Dk} be one such set. Then
(⊗
k∈Z
(
ρ
Dk−1
c(j+ki)
)∗ ⊗ ρDkc(j+ki))[Hj ,Hj ] =⊗
k∈Z
((
ρ
Dk−1
c(j+ki)
)∗ ⊗ ρDkc(j+ki))[GLc(j+ki),GLc(j+ki)]
=
⊗
k∈Z
((
ρ
Dk−1
c(j+ki)
)∗ ⊗ ρDkc(j+ki))SLc(j+ki) .
By Schur’s lemma, this will vanish unless ρDk−1c(j+ki) is isomorphic to ρ
Dk
c(j+ki) as SLc(j+ki)-
module for all k, in which case it has dimension one. This happens if and only if, for all
k ∈ Z, Dk is obtained from Dk−1 by adding or removing columns of depth c(j + ki). In
the former case, let α(k) be the number of added columns, and in the latter case, let −α(k)
be the number of columns removed. The character χ{Dk} of the resulting relative invariant
is
∏
k det
α(k)
j+ki .
If (a, b) is a gln-admissible pair with a = j +k1i and b = j +k2i, let Dk be a column of
depth c(a) when k1  k < k2, and the empty diagram otherwise. Then χ{Dk} = deta /detb ,
so deta /detb ∈ M . The degree of the corresponding relative invariant is ∑k |Dk| =
(k2 − k1)c(a) = ((b − a)/i)c(a).
Now let χ ∈ M be arbitrary, and let {Dk} be the corresponding set of diagrams. We
claim that χ is a product of characters corresponding to admissible pairs. If Dk is the
empty diagram for all k, then χ is the trivial character and there is nothing to prove. Oth-
erwise, since Dk is empty for sufficiently small k, there must be some k1 with α(k1) > 0.
The columns added to Dk1 must eventually be removed, so there is some k > k1 with
c(j + ki) = c(j + k1i); let k2 be the smallest such k. Let Ek be the diagram obtained from
Dk by striking out one column of depth c(j + k1i) for k1  k < k2, and Dk otherwise.
Then χ{Ek} = χ/(detj+k1i /detj+k2i ). But (j + k1i, j + k2i) is an admissible pair, so the
claim follows by induction.
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Suppose that we have admissible pairs (a0, b0), . . . , (ak, bk) such that
deta0 /detb0 =
k∏
j=1
detaj /detbj .
Then a0 must occur at least once among a1, . . . , ak ; reordering if necessary, we may as-
sume that a0 = a1. If b0 = b1, then b1 must occur among a2, . . . , ak ; reordering again,
we may assume that b1 = a2. Continuing in this fashion, we can find some l such that
b0 = bl and bj = aj+1 for 1 j < l. If l > 1, then b1 lies strictly between a0 and b0 with
c(bl) = c(a0), contradicting admissibility of (a0, b0). But if l = 1, then we have
1 =
k∏
j=2
detaj /detbj .
By unique factorization, the product on the right must be the empty product.
3.3. The other classical cases. We now prove Theorem 1.5 for g = spn or son. To sim-
plify the notation, we assume that i > 0; the proof for i < 0 is similar. Let Hj and Wj be
as in the previous section, and let θ be the involution of paragraph 2.2. Then θ stabilizes
H 0,W 0,H i/2, and Wi/2, while for other j we have θ(Hj ) = Hi−j and θ(Wj ) = Wi−j .
For j = 0 or i/2, put
Kj = (Hj )θ and Uj = (Wj )θ
and for 0 < j < i/2, put
Kj = (Hj ×Hi−j )θ and Uj = (Wj ⊕Wi−j )θ .
Then G0 =∏i−1j=0 Kj and gi =⊕i−1j=0 Uj , and it suffices to compute the fundamental char-
acters of Kj on Uj . If j is not zero or i/2, then the prehomogeneous space (Kj ,Uj ) is
isomorphic via restriction to (Hj ,Wj ), and the calculation proceeds as in the previous
section.
Suppose that j = 0. Then by Theorem 3.1,
k
[
U0
]= k[⊕
k0
(
V(k+1)i ⊗ V ∗ki
)]=⊗
k0
k
[
V(k+1)i ⊗ V ∗ki
]
=
⊗
k0
(⊕
Dk
(
ρ
Dk
c((k+1)i)
)∗ ⊗ ρDkc(ki))
=
⊕(
ρ
D0 ⊗
(⊗(
ρ
Dk−1)∗ ⊗ ρDk )).{Dk}
c(0)
k>0
c(ki) c(ki)
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K00 =
{Spc(0) if g = spn,
SOc(0) if g = son.
For each set of diagrams {Dk}, the space of relative invariants is(
ρ
D0
c(0)
)K00 ⊗(⊗
k>0
((
ρ
Dk−1
c(ki)
)∗ ⊗ ρDkc(ki))SLc(ki)).
By Theorems 3.1 and 3.3, this is non-vanishing if and only if Dk is obtained from Dk−1
by adding or removing columns of depth c(ki) for all k  1, and (if K00 = Spc(0)) D0 has
only even columns, or (if K00 = SOc(0)) D0 has only even or only odd rows. The character
χ{Dk} of the corresponding relative invariant is
∏
k>0 det
α(k)
ki =
∏
k>0 det
sgn(ki)α(k)
|ki| .
Let (k1i, k2i) be an admissible pair. There are three cases to consider. If k1 > 0, let Dk
be a single column of depth c(k1i) for k1  k < k2, and the empty diagram otherwise; then
χ{Dk} = detsgn(k1i)|k1i| /det
sgn(k2i)
|k2i| , and the degree of the corresponding relative invariant is∑
k0 |Dk| = (k2 − k1)c(k1). If k1 = 0, we again let Dk be a single column of depth c(k1i)
for k1  k < k2, and the empty diagram otherwise. If g = spn, then the odd parts of the par-
tition occur with even multiplicity, so that c(0) is even and D0 has even columns. If g = son
then D0 has all c(0) rows odd. As before, χ{Dk} = detsgn(k1i)|k1i| /det
sgn(k2i)
|k2i| , and the degree of
the corresponding relative invariant is
∑
k0 |Dk| = (k2 − k1)c(k1). If k1 < 0, then in fact
k1 = −k2 since otherwise −k1i lies strictly between k1i and k2i with c(−k1i) = c(k1i),
contradicting the fact that (k1i, k2i) is admissible. If g = spn, then by admissibility c(k1i) is
even; let Dk be a single column of depth c(k1i) for 0 k < k2, so that χ{Dk} = 1/detsgn(k2i)|k2i|
and the degree of the relative invariant is
∑
k0 |Dk| = k2c(k1i) = (k2 − k1)c(k1i)/2. If
g = son, let Dk be the diagram consisting of two columns of depth c(k1i) for 0 k < k2.
Then χ{Dk} = 1/det2sgn(k2i)|k2i| = det
sgn(k1i)
|k1i| /det
sgn(k2i)
|k2i| and the degree of the relative invariant
is
∑
k0 |Dk| = 2k2c(k1i) = (k2 − k1)c(k1i).
Now let χ ∈ M be arbitrary, and let {Dk} be the corresponding set of diagrams. If D0
is not the empty diagram, then since its longest column must eventually be removed, there
is some minimal k2 with c(k2i) = d(D0). If g = spn or if g = son and d(D0) = c(0),
then let Ek be the diagram obtained from Dk by striking out a column of depth c(0) for
0 k < k2, and Dk otherwise, so that χ{Ek} = χ/(1/detsgn(k2i)|k2i| ). If g = son and d(D0) <
c(0), then D0 has even rows, so it has at least two columns of maximal depth; let Ek be
the diagram obtained from Dk by striking out two columns of depth d(D0) for 0 k < k2
and Dk otherwise, so that χ{Ek} = χ/(1/det2sgn(k2i)|k2i| ). On the other hand, if D0 is the empty
diagram, then proceeding as in the previous section we can find a set of diagrams {Ek} with
χ{Ek} = χ/(detsgn(k1i)|k1i| /det
sgn(k2i)
|k2i| ) for admissible (k1i, k2i). By induction, χ is a product
of characters corresponding to admissible pairs.
Now suppose that j = i/2 and let
i/2
{
S2(Vi/2) if g = spn,U0 = ∧2(Vi/2) if g = son.
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k
[
Ui/2
]= k[Ui/20 ⊕(⊕
k0
Vi/2+(k+1)i ⊗ V ∗i/2+ki
)]
= k[Ui/20 ]⊗(⊗
k0
k
[
Vi/2+(k+1)i ⊗ V ∗i/2+ki
])
=
⊕
D−1
(
ρ
D−1
c(i/2)
)∗ ⊗(⊗
k0
(⊕
Dk
(
ρ
Dk
c(i/2+(k+1)i)
)∗ ⊗ ρDkc(i/2+ki)))
=
⊕
{Dk}
(⊗
k0
(
ρ
Dk−1
c(i/2+ki)
)∗ ⊗ ρDkc(i/2+ki)),
where D−1 has even rows if g = spn and even columns if g = son.
Now let (i/2 + k1i, i/2 + k2i) be admissible. If k1  0, let Dk be a single col-
umn of depth c(k1i) for k1  k < k2, and the empty diagram otherwise, so that the
corresponding relative invariant has character detsgn(i/2+k1i)|i/2+k1i| /det
sgn(i/2+k1i)
|i/2+k2i| and degree
(k2 − k1)c(i/2 + kii). If k1 < 0, then in fact i/2 + k1i = −(i/2 + k2i) (so that k1 =
−1 − k2) since otherwise −(i/2 + k1i) lies strictly between i/2 + k1i and i/2 + k2i with
c(−(i/2 + k1i)) = c(i/2 + k1i), contradicting admissibility. If g = spn, let Dk be the di-
agram consisting of two columns of depth c(i/2 + k1i) for −1  k < k2, and the empty
diagram otherwise, so that the corresponding relative invariant has character
1/det2sgn(i/2+k2i)|i/2+k2i| = det
sgn(i/2+k1i)
|i/2+k1i|
/
detsgn(i/2+k2i)|i/2+k2i|
and degree
|D−1|/2 +
∑
k0
|Dk| = (1 + 2k2)c(i/2 + k1i) = (k2 − k1)c(i/2 + k1i).
If g = son, then by admissibility c(i/2 + k1i) is even; let Dk be a single column of depth
c(i/2 + k1i) for −1 k < k2 and the empty diagram otherwise, so that the corresponding
relative invariant has character 1/detsgn(i/2+k2i)|i/2+k2i| and degree
|D−1|/2 +
∑
k0
|Dk| = (1/2 + k2)c(i/2 + k1i) =
(
(k2 − k1)/2
)
c(i/2 + k1i).
Let χ ∈ M be arbitrary, and let {Dk} be the corresponding set of diagrams. If D−1 is
not empty, then there is some minimal k2 with c(i/2 + k2i) = d(D−1). If g = spn, then
let Ek be the diagram obtained from Dk by striking out two columns of depth d(D−1) for
−1 k < k2 and Dk otherwise, so that ( )χ{Ek} = χ/ 1/det2sgn(i/2+k2i)|i/2+k2i| .
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depth d(D−1) for −1 k < k2 and Dk otherwise, so that
χ{Ek} = χ/
(
1/detsgn(i/2+k2i)|i/2+k2i|
)
.
On the other hand, if D−1 is the empty diagram, then as before we can find a set of diagrams
{Ek} with
χ{Ek} = χ/
(
detsgn(i/2+k1i)|i/2+k1i|
/
detsgn(i/2+k2i)|i/2+k2i|
)
for admissible (i/2 + k1i, i/2 + k2i). By induction, χ is a product of characters corre-
sponding to admissible pairs.
To see that the characters corresponding to admissible pairs are prime, suppose that we
have admissible pairs (a0, b0), . . . , (ak, bk) with
χa0,b0 =
k∏
j=1
χaj ,bj ,
where χa,b corresponds to the pair (a, b). Let N be the monoid of characters associated
with gln; then for every admissible pair (a, b), χ2a,b is the restriction of a prime in N , or its
square. Consequently the relation
χ2a0,b0 =
k∏
j=1
χ2aj ,bj
lifts to N , and the result follows by unique factorization.
3.4. Explicit formulas. If g = gln, then in the notation of 3.2 we have
Hj =
∏
k∈Z
GLc(j+ki) =
{∏
k
gk
∣∣∣∣ gk ∈ GLc(j+ki)}
and
Wj =
⊕
k∈Z
Vj+(k+1)i ⊗ V ∗j+ki =
{⊕
k
mk
∣∣∣∣mk ∈ Vj+(k+1)i ⊗ V ∗j+ki}.
If we identify Vj+(k+1)i ⊗ V ∗j+ki with the space of c(j + (k + 1)i) × c(j + ki) matrices,
then the action of Hj on Wj is by matrix multiplication:(∏
gk
)(⊕
mk
)
=
(⊕
gk+1mkg−1
)
.k k k
k
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πa,b
(⊕
k
mk
)
= mk2−1mk2−2 · · ·mk1+1mk1 .
Observe that
πa,b
((∏
k
gk
)(⊕
k
mk
))
= gk2mk2−1g−1k2−1gk2−1mk2−2g−1k2−2 · · ·gk1+1mk1g−1k1
= gk2mk2−1mk2−1 · · ·mk1+1mk1g−1k1
= gk2πa,b
(⊕
k
mk
)
g−1k1 .
If (a, b) is admissible, then πa,b(
⊕
k mk) is a square matrix. In this case, we put
da,b
(⊕
k
mk
)
= det
(
πa,b
(⊕
k
mk
))
. (3.5)
Evidently da,b is a relative invariant of character deta /detb .
If g = spn or son, then in the notation of 3.3, Uj is a subspace of Wj + W |i|−j , so we
can regard da,b as a function on Uj by restriction, in which case it is a relative invariant
of character detsgn(a)|a| /det
sgn(b)
|b| . This is the character associated with the pair (a, b), except
when g = spn and a = −b ≡ 0 (mod i) or g = son and a = −b ≡ i/2 (mod i).
In the former case, let M be the matrix of the invariant bilinear form on V0, so that for
g0 ∈ Spc(0), gt0Mg0 = M. Then define
φa,b
(⊕
k
mk
)
=
(
π0,b
(⊕
k
mk
))t
Mπ0,b
(⊕
k
mk
)
so that (∏
k
gk
)
φa,b
(⊕
k
mk
)
= gtbφa,b
(⊕
k
mk
)
gb.
Since φa,b(
⊕
k mk) is an antisymmetric matrix, it has a Pfaffian. Then
pa,b
(⊕
k
mk
)
= Pf
(
φa,b
(⊕
k
mk
))is a relative invariant of character 1/detsgn(b)|b| .
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⊕
k mk)
is an antisymmetric matrix whenever
⊕
k mk lies in U |i/2| = (W |i/2|)θ . Then
pa,b
(⊕
k
mk
)
= Pf
(
πa,b
(⊕
k
mk
))
is a relative invariant of character 1/detsgn(b)|b| .
4. The exceptional cases
4.1. Labeled Dynkin diagrams and the Bala–Carter classification. We now introduce
objects parametrizing conjugacy classes of gradings for arbitrary reductive g. Fix a Cartan
subalgebra h containing h and a system of simple roots {αi}. If h can be embedded in an
sl2-triple, then the scalars αi(h) are integers, so that h lies in the Q-span of the simple
coroots. Conjugating by an element of the Weyl group if necessary, we may assume that
h lies in the dominant Weyl chamber. The labeled Dynkin diagram of h is obtained by
labeling each node of the Dynkin diagram of g with the non-negative integer αi(h), where
αi is the simple root corresponding to the node. Since the simple roots span (h ∩ [g,g])∗,
the labeled diagram determines h up to conjugacy.
The labeled diagrams corresponding to nilpotent orbits in exceptional simple algebras
have been classified by Bala and Carter. Following them, it is customary to attach to each
exceptional nilpotent orbit an auxiliary label which encodes various data concerning the
minimal Levi subalgebra containing h [BC76a,BC76b].
4.2. Decomposition algorithm. Since g0 contains h, it is a sum of root spaces. More-
over, because the labels are non-negative, a positive root space Xα lies in g0 if and only if
α is a sum of simple roots with label 0. Consequently the Dynkin diagram of g0 is obtained
from that of g by deleting the nodes with positive labels, and the dimension of Z(g0) is the
number of deleted nodes.
For i = 0, it is immediate that gi =⊕β(h)=i Xβ , so dimgi is just the number of roots
evaluating to i on h. Moreover, the root β is a highest weight of gi if and only if Xβ is
centralized by every Xαi in g0, which happens if and only if β + αi is not a root for any αi
whose corresponding node has label 0. Thus, the highest weights of gi can be determined
algorithmically from the labeled Dynkin diagram and a list of the roots of g.
We have implemented this algorithm in the computer algebra system LiE [vL94]; details
of our implementation can be found in [JNa]. Since g−i is dual to gi , it suffices to treat the
cases where i > 0. We summarize our results in Tables 1–5: for each exceptional nilpotent
orbit, we give the Bala–Carter label and the labeled Dynkin diagram, and for each i > 0
with gi = 0, we give dimgi and the highest weights of gi , expressed on the basis of funda-
mental weights in the Bourbaki order. Our own interest centers on the decomposition of g2,
so to conserve space we have included only the case i = 2 for algebras of type E. Complete
tables for type E can be found at http://www.math.umb.edu/~anoel/publications/tables/.
We also give the irreducible decomposition of gi as [G0,G0]-module in the notation
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tion. Usually context makes it clear whether the group or the module is intended. When
[G0,G0] contains more than one factor isomorphic to a given classical group, we num-
ber the factors with superscripts. The symbol k denotes the trivial module; Spinn means
the spin representation of the two-fold cover of SOn when n is odd, and either of the
two half-spin representations (which are conjugate by an outer automorphism) when n is
even; E6 means either of the (conjugate) 27-dimensional E6-modules; and E7 means the
56-dimensional E7-module.
4.3. Relative invariants. If (G,V ) is any prehomogeneous space, and
V = V1 ⊕ · · · ⊕ Vk, (4.1)
where V1, . . . , Vk are irreducible G-modules, then by Schur’s lemma the center of G acts
by scalars on each Vi . Consequently the character of a relative invariant f is determined
by degf , where deg is the multi-degree determined by the decomposition (4.1).
In the last column of Tables 1–5, we give the fundamental characters of gi as multi-
degrees. Computation of these characters is straightforward, though somewhat tedious
owing to the large number of cases. In order to illustrate our techniques, we now give
proofs in a representative sample of these cases:
4.3.1. G2, Orbit 3. Here g2 is irreducible and minimal in its castling class. In all such
cases, the fundamental relative invariants and their degrees are given in [SK77].
4.3.2. E7, Orbit 26. In this case g2 is irreducible but not minimal in its castling class.
Write V = SL2 ⊗ SL3, so that g2 = V ⊗ SL4. Since V has dimension 6, the castling trans-
form of this product is V ⊗ SL2 = SL12 ⊗ SL3 ⊗ SL22 = SO4 ⊗ SL3 (where we have used
the isomorphism SL12 ⊗ SL22 = SO4). The fundamental relative invariant of this transform
has degree 6, so by [SK77, Proposition 18], the fundamental relative invariant of g2 itself
has degree 42 6 = 12.
4.3.3. E7, Orbit 22. The following is useful in this and several similar cases:
Lemma 4.2. Let (G,V ) be a prehomogeneous space. If G is reductive and V = V1 ⊕
· · · ⊕ Vk , where V1, . . . , Vk are irreducible, then the number of fundamental characters of
(G,V ) is bounded above by k.
Proof. By replacing (G,V ) by an equivalent (in the sense of [SK77]) prehomogeneous
space if necessary, we may assume that
G = [G,G] ×
k factors︷ ︸︸ ︷
GL1 ×· · · × GL1 .
Then the character group of G is isomorphic to Zl , where l  k. Since M is a free commu-
tative submonoid of Zl , its prime generators are linearly independent over Z. Hence they
are linearly independent over Q, and the result follows by linear algebra. 
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Nilpotent orbits in type G2
Orbit Label Diagram i dimgi Highest
weights of gi
Prehomogeneous
space
Fundamental
characters
1. A1 
0
< 
1
1 4 (3,−1) S3(SL2) (4)
2 1 (0,1) k (1)
2. A˜1 
1
< 
0
1 2 (−1,1) SL2 ∅
2 1 (1,0) k (1)
3 2 (0,1) SL2 ∅
3. G2(a1) 
0
< 
2
2 4 (3,−1) S3(SL2) (4)
4 1 (0,1) k (1)
4. G2 
2
< 
2
2 2 (2,−1) k ⊕ k (1,0)
(−3,2) (0,1)
4 1 (−1,1) k (1)
6 1 (1,0) k (1)
8 1 (3,−1) k (1)
10 1 (0,1) k (1)
Table 2
Nilpotent orbits in type F4
Orbit Label Diagram i dimgi Highest
weights of gi
Prehomogeneous
space
Fundamental
characters
1. A1 
1

0
> 
0

0
1 14 (−1,1,0,0) ∧3(Sp6)/Sp6 (4)
2 1 (1,0,0,0) k (1)
2. A˜1 
0

0
> 
0

1
1 8 (0,0,1,−1) Spin7 (2)
2 7 (1,0,0,0) SO7 (2)
3. A1 + A˜1 
0

1
> 
0

0
1 12 (1,−1,0,2) SL2 ⊗ S2(SL3) (12)
2 6 (0,−1,2,0) S2(SL3) (3)
3 2 (1,0,0,0) SL2 ∅
4. A2 
2

0
> 
0

0
2 14 (−1,1,0,0) ∧3(Sp6)/Sp6 (4)
4 1 (1,0,0,0) k (1)
5. A˜2 
0

0
> 
0

2
2 8 (0,0,1,−1) Spin7 (2)
4 7 (1,0,0,0) SO7 (2)
6. A2 + A˜1 
0

0
> 
1

0
1 6 (1,0,−1,1) SL3 ⊗ SL2 ∅
2 9 (0,1,−2,2) SL3 ⊗ SO3 (3)
3 2 (0,0,0,1) SL2 ∅
4 3 (1,0,0,0) SL3 ∅
7. B2 
2

0
> 
0

1
1 4 (−1,0,1,0) Sp4 ∅
2 6 (0,1,0,−2) SO5 ⊕ k (2,0)(−1,0,0,2) (0,1)
3 4 (0,0,1,−1) Sp4 ∅
4 5 (−1,1,0,0) SO5 (2)
6 1 (1,0,0,0) k (1)(continued on next page)
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Orbit Label Diagram i dimgi Highest
weights of gi
Prehomogeneous
space
Fundamental
characters
8. A˜2 +A1 
0

1
> 
0

1
1 8 (0,−1,1,1)
(1,−1,2,−2)
SL22 ⊕ (SL12 ⊗
S2(SL22))
(2,2)
(0,4)
2 5 (0,1,0,−2) k ⊕ (SL12 ⊗ SL22)
(1,0)
(1,−1,1,0) (0,2)
3 4 (1,−1,0,2) SL12 ⊕ SL22 ∅(0,0,1,−1)
4 3 (0,−1,2,0) SO3 (2)
5 2 (1,0,0,0) SL2 ∅
9. C3(a1) 
1

0
> 
1

0
1 6 (1,1,−2,0)
(−1,1,−1,1) SL
1
2 ⊕ (SL12 ⊗ SL22) (0,2)
2 5 (1,0,−1,1) SL2 ⊕ S2(SL2) (2,1)(−1,0,0,2) (0,2)
3 6 (0,1,−2,2) SL2 ⊗ SO3 (4)
4 2 (0,0,0,1) SL2 ∅
5 2 (−1,1,0,0) SL2 ∅
6 1 (1,0,0,0) k (1)
10. F4(a3) 
0

2
> 
0

0
2 12 (1,−1,0,2) SL2 ⊗ S2(SL3) (12)
4 6 (0,−1,2,0) S2(SL3) (3)
6 2 (1,0,0,0) SL2 ∅
11. B3 
2

2
> 
0

0
2 7 (2,−1,0,0) k ⊕ S2(SL3) (1,0)(−1,0,0,2) (0,3)
4 6 (1,−1,0,2) S2(SL3) (3)
6 6 (0,−1,2,0) S2(SL3) (3)
8 1 (−1,1,0,0) k (1)
10 1 (1,0,0,0) k (1)
12. C3 
1

0
> 
1

2
1 4 (1,1,−2,0) SL2 ⊕ SL2 (1,1)(−1,1,0,−1)
2 3 (1,0,0,−1)
k ⊕ k ⊕ k
(1,0,0)
(−1,0,2,−2) (0,1,0)
(0,0,−1,2) (0,0,1)
3 4 (−1,1,−1,1) SL2 ⊕ SL2 (1,1)(0,1,0,−2)
4 2 (1,0,−1,1) k ⊕ k (1,0)
(−1,0,1,0) (0,1)
5 2 (0,1,−1,0) SL2 ∅
6 2 (−1,0,0,2) k ⊕ k (1,0)
(0,0,1,−1) (0,1)
7 2 (0,1,−2,2) SL2 ∅
8 1 (0,0,0,1) k (1)
9 2 (−1,1,0,0) SL2 ∅
10 1 (1,0,0,0) k (1)
(continued on next page)
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Orbit Label Diagram i dimgi Highest
weights of gi
Prehomogeneous
space
Fundamental
characters
13. F4(a2) 
0

2
> 
0

2
2 8 (0,−1,1,1)
(1,−1,2,−2)
SL22 ⊕ (SL12 ⊗
S2(SL22))
(2,2)
(0,4)
4 5 (0,1,0,−2) k ⊕ (SL12 ⊗ SL22)
(1,0)
(1,−1,1,0) (0,2)
6 4 (1,−1,0,2) SL12 ⊕ SL22 ∅(0,0,1,−1)
8 3 (0,−1,2,0) SO3 (2)
10 2 (1,0,0,0) SL2 ∅
14. F4(a1) 
2

2
> 
0

2
2 6 (2,−1,0,0)
k ⊕ SL2 ⊕ S2(SL2)
(1,0,0)
(0,−1,1,1) (0,2,1)
(−1,0,2,−2) (0,0,2)
4 5 (1,−1,2,−2) S2(SL2)⊕ SL2 (2,0)(−1,0,1,0) (1,2)
6 4 (0,1,0,−2)
k ⊕ SL2 ⊕ k (1,0,0)(0,0,1)(1,−1,1,0)
(−1,0,0,2)
8 3 (1,−1,0,2) k ⊕ SL2 (1,0)(0,0,1,−1)
10 3 (0,−1,2,0) SO3 (2)
12 1 (−1,1,0,0) k (1)
14 1 (1,0,0,0) k (1)
15. F4 
2

2
> 
2

2
2 4 (2,−1,0,0)
k ⊕ k ⊕ k ⊕ k
(1,0,0,0)
(−1,2,−2,0) (0,1,0,0)
(0,−1,2,−1) (0,0,1,0)
(0,0,−1,2) (0,0,0,1)
4 3 (1,1,−2,0)
k ⊕ k ⊕ k
(1,0,0)
(−1,1,0,−1) (0,1,0)
(0,−1,1,1) (0,0,1)
6 3 (1,0,0,−1)
k ⊕ k ⊕ k
(1,0,0)
(−1,0,2,−2) (0,1,0)
(−1,1,−1,1) (0,0,1)
8 3 (1,−1,2,−2)
k ⊕ k ⊕ k
(1,0,0)
(1,0,−1,1) (0,1,0)
(−1,0,1,0) (0,0,1)
10 3 (0,1,0,−2)
k ⊕ k ⊕ k
(1,0,0)
(1,−1,1,0) (0,1,0)
(−1,0,0,2) (0,0,1)
12 2 (0,1,−1,0) k ⊕ k (1,0)
(1,−1,0,2) (0,1)
14 2 (0,0,1,−1) k ⊕ k (1,0)
(0,1,−2,2) (0,1)
16 1 (0,0,0,1) k (1)
18 1 (0,−1,2,0) k (1)
20 1 (−1,1,0,0) k (1)
22 1 (1,0,0,0) k (1)
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Nilpotent orbits in type E6
Orbit Label Diagram dimg2 Highest weights
of g2
Prehomogeneous
space
Fundamental
characters
1. A1
1

0

0

0

0

0
1 (0,1,0,0,0,0) k (1)
2. 2A1
0

1

0

0

0

1
8 (0,1,0,0,0,0) SO8 (2)
3. 3A1
0

0

0

1

0

0
9 (0,0,1,−1,1,0) SL13 ⊗ SL23 (3)
4. A2
2

0

0

0

0

0
20 (0,−1,0,1,0,0) ∧3(SL6) (4)
5. A2 +A1
1

1

0

0

0

1
9
(1,−1,0,0,0,1)
(0,0,1,0,0,−1)
(−1,0,0,0,1,0)
k ⊕ SL4 ⊕ SL∗4
(1,0,0)
(0,1,1)
6. 2A2
0

2

0

0

0

2
16 (0,0,1,0,0,−1)
(−1,0,0,0,1,0) SO8 ⊕ Spin8
(2,0)
(0,2)
7. A2 + 2A1
0

0

1

0

1

0
12 (1,0,−1,1,−1,1) SL3 ⊗ SO4 (6)
8. A3
2

1

0

0

0

1
7 (1,−1,0,0,0,1)
(−1,0,0,1,0,−1) k ⊕ SO6
(1,0)
(0,2)
9. 2A2 +A1
0

1

0

1

0

1
9
(1,1,0,−1,1,−1)
(−1,0,0,1,0,−1)
(−1,1,1,−1,0,1)
(SL12 ⊗ SL32)⊕ k
⊕ (SL12 ⊗SL22)
(2,0,0)
(0,1,0)
(0,0,2)
10. A3 +A1
1

0

1

0

1

0
8
(1,1,0,0,−1,0)
(0,1,−1,0,0,1)
(1,−1,0,0,0,1)
SL12 ⊕ SL22
⊕ (SL12 ⊗SL22)
(1,1,1)
(0,0,2)
11. D4(a1)
0

0

0

2

0

0
18 (1,1,0,−1,0,1) SL13 ⊗ SL2 ⊗ SL23 (12)
12. A4
2

2

0

0

0

2
14
(1,−1,0,0,1,−1)
(−1,−1,1,0,0,1)
(−1,0,0,1,0,−1)
SL4 ⊕ SL∗4
⊕ (∧2(SL4)) (1,1,0)(0,0,2)
13. D4
2

0

0

2

0

0
10 (0,2,0,−1,0,0)
(1,−1,0,0,0,1) k ⊕ (SL
1
3 ⊗ SL23)
(1,0)
(0,3)
14. A4 +A1
1

1

1

0

1

1
7
(1,−1,0,1,−1,0)
(−1,1,1,0,−1,0)
(0,1,−1,0,1,−1)
(−1,−1,1,0,1,−1)
(0,−1,−1,1,0,1)
SL2 ⊕ k ⊕ k ⊕ k
⊕ SL2
(1,0,0,0,1)
(0,1,0,0,0)
(0,0,1,0,0)
(0,0,0,1,0)
(continued on next page)
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Orbit Label Diagram dimg2 Highest weights
of g2
Prehomogeneous
space
Fundamental
characters
15. A5
1

2

1

0

1

2
5
(2,0,−1,0,0,0)
(0,0,0,0,−1,2)
(−1,1,1,0,−1,0)
(0,1,−1,0,1,−1)
(−1,−1,1,0,1,−1)
k ⊕ k ⊕ k ⊕ k ⊕ k
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,1,0,0)
(0,0,0,1,0)
(0,0,0,0,1)
16. D5(a1)
2

1

1

0

1

1
7
(0,1,−1,1,−1,0)
(1,−1,0,1,−1,0)
(−1,−1,1,0,1,−1)
(0,−1,−1,1,0,1)
SL2 ⊕ SL2 ⊕ k
⊕ SL2
(1,1,0,0)
(1,0,0,1)
(0,1,0,1)
(0,0,1,0)
17. E6(a3)
0

2

0

2

0

2
12
(1,0,1,−1,0,0)
(0,0,0,−1,1,1)
(−1,1,1,−1,1,−1)
SL22 ⊕ SL32 ⊕ (SL12
⊗ SL22 ⊗ SL32)
(2,0,2)
(0,2,2)
(0,0,4)
18. D5
2

2

0

2

0

2
9
(0,2,0,−1,0,0)
(1,0,1,−1,0,0)
(0,0,0,−1,1,1)
(−1,−1,1,0,1,−1)
k ⊕ SL12 ⊕ SL22
⊕ (SL12 ⊗SL22)
(1,0,0,0)
(0,1,1,1)
(0,0,0,2)
19. E6(a1)
2

2

2

0

2

2
8
(2,0,−1,0,0,0)
(0,0,0,0,−1,2)
(0,1,−1,1,−1,0)
(−1,−1,1,1,−1,0)
(0,−1,−1,1,1,−1)
k⊕k⊕SL2 ⊕SL2
⊕ SL2
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,1,1,0)
(0,0,1,0,1)
(0,0,0,1,1)
20. E6
2

2

2

2

2

2
6
(2,0,−1,0,0,0)
(0,2,0,−1,0,0)
(−1,0,2,−1,0,0)
(0,−1,−1,2,−1,0)
(0,0,0,−1,2,−1)
(0,0,0,0,−1,2)
k ⊕ k ⊕ k ⊕ k ⊕ k ⊕ k
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,1)
Now g2 = k⊕SO8 ⊕Spin8. Let π2 :g2 → SO8 be projection on the second factor. Then
π2 determines a pullback map π∗2 : k[SO8] → k[g2]. The second factor has a fundamen-
tal relative invariant f of degree 2, so π∗2 (f ) is a relative invariant of g2 of multi-degree
(0,2,0). Since f is prime in k[SO8], π∗2 (f ) is prime in k[g2]. Hence (0,2,0) is a funda-
mental character of g2. Similarly, using the projections on the first and third factors, we
find that (1,0,0) and (0,0,2) are also fundamental characters (where we have used the
fact that SO8 and Spin8 are equivalent prehomogeneous spaces). By the lemma, these are
all the fundamental characters.
4.3.4. E7, Orbit 12. Here g2 = SO10 ⊕ Spin10. Pulling back the invariant quadratic form
on SO10 via projection on the first factor as in the last example, we find that (2,0) is a fun-
damental character. By Lemma 4.2, it suffices to find one additional fundamental character.
It follows from [HU91, §11.10] that S2(Spin∗10) contains a submodule isomorphic to SO10.
Consequently there exists a non-trivial bilinear morphism φ : Spin10 ⊕ Spin10 → SO10.
Then the function f defined by 〈 〉f (v ⊕ w) = v, φ(w,w)
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Table 4
Prehomogeneous space Fundamental characters
k (1)
SO10 (2)
E6 (3)
∧2(SL6) (3)
Spin12 (4)
k ⊕∧2(SL6) (1,0)(0,3)
k ⊕ (SO8 ⊗ SL2) (1,0)(0,4)
SL3 ⊗ SO6 (6)
SO8 ⊕ k (2,0)(0,1)
Spin10 ⊗ SL2 (4)
∧3(SL7) (7)
(continued on next page)Nilpotent orbits in type E7
Orbit Label Diagram dimg2 Highest weights of g2
1. A1
0

1

0

0

0

0

0
1 (1,0,0,0,0,0,0)
2. 2A1
0

0

0

0

0

1

0
10 (1,0,0,0,0,0,0)
3. (3A1)′′
0

0

0

0

0

0

2
27 (1,0,0,0,0,0,0)
4. (3A1)′
0

0

1

0

0

0

0
15 (0,0,−1,1,0,0,0)
5. A2
0

2

0

0

0

0

0
32 (−1,0,1,0,0,0,0)
6. 4A1
1

0

0

0

0

0

1
16 (0,1,0,0,0,0,−1)
(0,−1,0,0,1,0,0)
7. A2 +A1
0

1

0

0

0

1

0
17 (−1,0,0,0,0,1,0)
(0,1,0,0,0,−1,1)
8. A2 + 2A1
0

0

0

1

0

0

0
18 (0,0,1,−1,0,1,0)
9. A3
0

2

0

0

0

1

0
9 (0,0,1,0,0,−1,0)
(−1,0,0,0,0,1,0)
10. 2A2
0

0

0

0

0

2

0
32 (0,1,0,0,0,−1,1)
11. A2 + 3A1
2

0

0

0

0

0

0
35 (0,−1,0,0,1,0,0)
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Table 4 (continued)
mogeneous space Fundamental characters
⊕ Spin10 (2,0)(1,2)
O4 ⊗ SL4) (1,0)(0,4)
⊗ SL4)⊕
∧2(SL4) (2,1)(0,2)
∧2(SL6) (12)
2(SL4))⊕ (SL2 ⊗ SL4)
(1,0,0)
(0,2,0)
(0,1,2)
2(SL6)
(1,0)
(0,3)
L2 ⊕ (SL2 ⊗ SO6)
(1,0,0)
(0,2,2)
(0,0,4)
(SL3 ⊗ SO4) (2,2)(0,6)
⊕ (SL2 ⊗ SO8) (2,0)(0,4)
L5)⊗ SL3 (15)
O8 ⊕ Spin8
(1,0,0)
(0,2,0)
(0,0,2)
(continued on next page)Orbit Label Diagram dimg2 Highest weights of g2 Preho
12. (A3 +A1)′′
0

2

0

0

0

0

2
26 (−1,0,0,0,0,1,0)
(0,1,0,0,0,0,−1) SO10
13. 2A2 +A1
0

0

1

0

0

1

0
17 (0,0,1,0,0,−1,0)
(1,0,−1,0,1,−1,1) k ⊕ (S
14. (A3 +A1)′
0

1

0

1

0

0

0
14 (1,1,0,−1,0,0,1)
(−1,0,0,0,0,1,0) (SL2
15. D4(a1)
0

0

2

0

0

0

0
30 (1,0,−1,0,0,1,0) SL2 ⊗
16. A3 + 2A1
0

1

0

0

1

0

1
15
(−1,0,0,0,1,0,−1)
(−1,0,0,1,−1,0,1)
(0,0,1,0,−1,1,−1)
k ⊕ (∧
17. D4
0

2

2

0

0

0

0
16 (2,0,−1,0,0,0,0)
(−1,0,0,0,0,1,0) k ⊕
∧
18. D4(a1)+A1
1

0

1

0

0

0

1
15
(0,1,−1,0,0,0,1)
(1,−1,0,0,0,0,1)
(1,0,−1,0,1,0,−1)
k ⊕ S
19. A3 +A2
0

0

0

1

0

1

0
15 (0,0,1,0,0,−1,0)
(1,1,0,−1,0,0,1) SL
∗
3 ⊕
20. A4
0

2

0

0

0

2

0
24 (0,0,1,0,0,−1,0)
(−1,0,0,0,1,−1,1) Spin8
21. A3 +A2 +A1
0

0

0

0

2

0

0
30 (0,0,1,0,−1,0,1) ∧2(S
22. (A5)′′
0

2

0

0

0

2

2
17
(0,0,0,0,0,−1,2)
(0,0,1,0,0,−1,0)
(−1,0,0,0,1,0,−1)
k ⊕ S
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k ⊕ SO6
(1,0,0,0)
(0,1,0,0)
(0,0,1,0)
(0,0,0,2)
SL22)⊕ k
1
2 ⊗SO4)
(2,0,0)
(0,1,0)
(0,0,4)
⊕ (SL2 ⊗ SO4)
(2,0,2)
(0,1,0)
(0,0,4)
L2 ⊗ SL4 (12)
SL32)
1
2 ⊗ SL22)⊕ k
(2,0,0)
(0,2,0)
(0,0,1)
1
2 ⊗ SL32)⊕ k
L12 ⊗ SL22)
(1,0,0,0)
(0,2,0,0)
(0,0,1,0)
(0,0,0,2)
SL3 ⊗
∧2(SL4)) (2,3)(0,6)
L12 ⊕ SL22 ⊕ (SL12 ⊗ SL22)
(1,1,0,1)
(1,0,1,0)
(0,1,1,1)
(0,0,0,2)
(continued on next page)Table 4 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 Prehom
23. D4 +A1
1

2

1

0

0

0

1
9
(2,0,−1,0,0,0,0)
(0,1,−1,0,0,0,1)
(−1,−1,1,0,0,0,1)
(−1,0,0,0,1,0,−1)
k ⊕ k ⊕
24. A4 +A1
0

1

0

1

0

1

0
13
(1,1,0,−1,1,−1,0)
(−1,0,0,1,0,−1,0)
(−1,1,1,−1,0,0,1)
(SL12 ⊗
⊕(SL
25. D5(a1)
0

2

0

1

0

1

0
11
(1,0,1,−1,0,0,0)
(−1,0,0,1,0,−1,0)
(−1,1,1,−1,0,0,1)
SL2 ⊕ k
26. A4 +A2
0

0

0

2

0

0

0
24 (1,1,0,−1,0,0,1) SL3 ⊗ S
27. (A5)′
0

1

0

1

0

2

0
9
(0,0,0,−1,1,0,1)
(1,1,0,−1,1,−1,0)
(−1,0,0,1,0,−1,0)
(SL22 ⊗
⊕ (SL
28. A5 +A1
0

1

0

1

0

1

2
10
(0,0,0,0,0,−1,2)
(1,1,0,−1,1,−1,0)
(−1,0,0,1,0,−1,0)
(−1,1,1,−1,0,1,−1)
k ⊕ (SL
⊕ (S
29. D5(a1)+A1
0

2

0

0

2

0

0
22 (1,1,0,0,−1,0,0)
(−1,0,0,1,−1,0,1) SL4 ⊕ (
30. D6(a2)
1

0

1

0

1

0

2
10
(0,0,0,0,−1,1,1)
(1,1,0,0,−1,0,0)
(0,1,−1,0,0,1,−1)
(1,−1,0,0,0,1,−1)
SL22 ⊕ S
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geneous space Fundamental characters
L22)⊕ (
∧2(SL4)⊗ SL12) (4,4)(0,4)
(SL4))⊕ (SL4 ⊗ SL2)
(1,0,0)
(0,2,0)
(0,1,2)
L13 ⊗ SL2 ⊗ (SL23)∗)
(3,6)
(0,12)
L32)
3 ⊗ SL12 ⊗ SL22)
(2,0)
(0,6)
⊕ k ⊕ (SL12 ⊗ SL22)
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,1,0,0)
(0,0,0,1,0)
(0,0,0,0,2)
⊕ k ⊕ SL2 ⊕ SL2
(1,0,0,0,0)
(0,1,0,1,0)
(0,1,0,0,1)
(0,0,1,0,0)
(0,0,0,1,1)
∗
3
1
2 ⊗ SL22 ⊗ SL3)
(2,1,4)
(0,2,2)
(0,0,6)
⊕ k ⊕ k ⊕ k
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,1)
(continued on next page)Table 4 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 Prehomo
31. E6(a3)
0

0

2

0

0

2

0
20 (0,1,−1,0,0,0,1)
(1,0,−1,1,0,−1,0) (SL4 ⊗ S
32. D5
0

2

2

0

0

2

0
15
(2,0,−1,0,0,0,0)
(−1,0,0,1,0,−1,0)
(0,1,−1,0,0,0,1)
k ⊕ (∧2
33. E7(a5)
0

0

0

2

0

0

2
21 (0,0,0,−1,1,0,1)
(1,1,0,−1,0,1,−1) SL
2
3 ⊕ (S
34. A6
0

0

0

2

0

2

0
16 (0,0,0,−1,1,0,1)
(1,1,0,−1,1,−1,0)
(SL22 ⊗ S
⊕ (SL
35. D5 +A1
1

2

1

0

1

1

0
8
(2,0,−1,0,0,0,0)
(−1,1,1,0,−1,0,0)
(0,1,−1,0,1,−1,0)
(−1,−1,1,0,1,−1,0)
(0,−1,−1,1,0,0,1)
k ⊕ k ⊕ k
36. D6(a1)
1

2

1

0

1

0

2
8
(2,0,−1,0,0,0,0)
(0,0,0,0,−1,1,1)
(−1,1,1,0,−1,0,0)
(0,1,−1,0,0,1,−1)
(−1,−1,1,0,0,1,−1)
k ⊕ SL2
37. E7(a4)
0

2

0

2

0

0

2
17
(1,0,1,−1,0,0,0)
(0,0,0,−1,1,0,1)
(−1,1,1,−1,0,1,−1)
SL22 ⊕ SL
⊕ (SL
38. D6
1

2

1

0

1

2

2
6
(2,0,−1,0,0,0,0)
(0,0,0,0,−1,2,−1)
(0,0,0,0,0,−1,2)
(−1,1,1,0,−1,0,0)
(0,1,−1,0,1,−1,0)
(−1,−1,1,0,1,−1,0)
k ⊕ k ⊕ k
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ehomogeneous space Fundamental characters
2
2 ⊕ (SL32 ⊗ SL42)
⊕ (SL12 ⊗ SL22 ⊗ SL32)
(2,0,2)
(0,2,0)
(0,0,4)
⊕ k ⊕ (SL12 ⊗ SL22)
⊕ (SL22 ⊗ SL32)
(1,0,0,0)
(0,1,0,0)
(0,0,2,0)
(0,0,0,2)
⊕ SL22 ⊕ SL32
⊕ (SL12 ⊗ SL22 ⊗ SL32)
(1,0,0,0)
(0,2,0,2)
(0,0,2,2)
(0,0,0,4)
⊕ SL12 ⊕ SL12
⊕ SL22 ⊕ (SL12 ⊗ SL22)
(1,0,0,0,0)
(0,1,1,0,0)
(0,1,0,1,1)
(0,0,1,1,1)
(0,0,0,0,2)
⊕ k ⊕ k
⊕ SL2 ⊕ SL2 ⊕ SL2
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,1,0)
(0,0,0,1,0,1)
(0,0,0,0,1,1)
⊕ k ⊕ k ⊕ k ⊕ k ⊕ k ⊕ k
(1,0,0,0,0,0,0)
(0,1,0,0,0,0,0)
(0,0,1,0,0,0,0)
(0,0,0,1,0,0,0)
(0,0,0,0,1,0,0)
(0,0,0,0,0,1,0)
(0,0,0,0,0,0,1)Table 4 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 Pr
39. E6(a1)
0

2

0

2

0

2

0
14
(1,0,1,−1,0,0,0)
(0,0,0,−1,1,0,1)
(−1,1,1,−1,1,−1,0)
SL
40. E6
0

2

2

2

0

2

0
10
(2,0,−1,0,0,0,0)
(−1,0,2,−1,0,0,0)
(0,1,−1,0,1,−1,0)
(0,0,0,−1,1,0,1)
k
41. E7(a3)
0

2

0

2

0

2

2
13
(0,0,0,0,0,−1,2)
(1,0,1,−1,0,0,0)
(0,0,0,−1,1,1,−1)
(−1,1,1,−1,1,−1,0)
k
42. E7(a2)
2

2

2

0

2

0

2
11
(2,0,−1,0,0,0,0)
(0,1,−1,1,−1,0,0)
(−1,−1,1,1,−1,0,0)
(0,0,0,0,−1,1,1)
(0,−1,−1,1,0,1,−1)
k
43. E7(a1)
2

2

2

0

2

2

2
9
(2,0,−1,0,0,0,0)
(0,0,0,0,−1,2,−1)
(0,0,0,0,0,−1,2)
(0,1,−1,1,−1,0,0)
(−1,−1,1,1,−1,0,0)
(0,−1,−1,1,1,−1,0)
k
44. E7
2

2

2

2

2

2

2
7
(2,0,−1,0,0,0,0)
(0,2,0,−1,0,0,0,0)
(−1,0,2,−1,0,0,0)
(0,−1,−1,2,−1,0,0)
(0,0,0,−1,2,−1,0)
(0,0,0,0,−1,2,−1)
(0,0,0,0,0,−1,2)
k
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Prehomogeneous space Fundamental characters
k (1)
SO14 (2)
E6 (3)
E7 (4)
∧2(SL8) (4)
k ⊕ Spin12 (1,0)(0,4)
SO10 ⊗ SL3 (6)
SO12 ⊕ k (2,0)(0,1)
∧3(SL7) (7)
Spin14 (8)
(continued on next page)Table 5
Nilpotent orbits in type E8
Orbit Label Diagram dimg2 Highest weights of g2
1. A1
0

0

0

0

0

0

0

1
1 (0,0,0,0,0,0,0,1)
2. 2A1
0

1

0

0

0

0

0

0
14 (0,0,0,0,0,0,0,1)
3. 3A1
0

0

0

0

0

0

1

0
27 (0,0,0,0,0,1,−1,0)
4. A2
0

0

0

0

0

0

0

2
56 (0,0,0,0,0,0,1,−1)
5. 4A1
1

0

0

0

0

0

0

0
28 (0,−1,1,0,0,0,0,0)
6. A2 +A1
0

1

0

0

0

0

0

1
33 (1,0,0,0,0,0,0,−1)
(−1,1,0,0,0,0,0,0)
7. A2 + 2A1
0

0

0

0

0

1

0

0
30 (1,0,0,0,0,−1,1,0)
8. A3
0

1

0

0

0

0

0

2
13 (−1,0,0,0,0,0,1,0)
(1,0,0,0,0,0,0,−1)
9. A2 + 3A1
0

0

1

0

0

0

0

0
35 (0,0,−1,0,1,0,0,0)
10. 2A2
0

2

0

0

0

0

0

0
64 (−1,1,0,0,0,0,0,0)
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rehomogeneous space Fundamental characters
⊕ (Spin10 ⊗ SL2) (1,0)(0,4)
pin10 ⊕ SO10 (2,1)(0,2)
6 ⊗ SL2 (12)
⊕ E6 (1,0)(0,3)
L5 ⊗ SO6 (10)
L2 ⊗ SL∗6)⊕ (
∧2(SL6)) (2,1)(0,3)
⊕ (∧2(SL6)⊗ SL2) (1,0)(0,12)
L∗3 ⊕ (SO8 ⊗ SL3)
(2,2)
(0,6)
O12 ⊕ Spin12 (2,0)(0,4)
L3 ⊗
∧2(SL5) (15)
(continued on next page)Table 5 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 P
11. 2A2 +A1
0

1

0

0

0

0

1

0
33 (−1,0,0,0,0,0,1,0)
(−1,0,1,0,0,0,−1,1) k
12. A3 +A1
0

0

0

0

0

1

0

1
26 (0,1,0,0,0,−1,0,1)
(1,0,0,0,0,0,0,−1) S
13. D4(a1)
0

0

0

0

0

0

2

0
54 (1,0,0,0,0,0,−1,1) E
14. D4
0

0

0

0

0

0

2

2
28 (0,0,0,0,0,0,−1,2)
(1,0,0,0,0,0,0,−1) k
15. 2A2 + 2A1
0

0

0

0

1

0

0

0
30 (0,1,0,0,−1,0,1,0) S
16. A3 + 2A1
0

0

1

0

0

0

0

1
27 (1,0,−1,0,0,0,1,0)
(0,0,−1,1,0,0,0,−1) (S
17. D4(a1)+A1
1

0

0

0

0

0

1

0
31 (0,1,0,0,0,0,−1,0)
(0,−1,0,0,1,0,−1,1) k
18. A3 +A2
0

1

0

0

0

1

0

0
27 (−1,0,0,0,0,0,1,0)
(0,1,0,0,0,−1,0,1) S
19. A4
0

2

0

0

0

0

0

2
44 (−1,0,0,0,0,0,1,0)
(−1,0,1,0,0,0,0,−1) S
20. A3 +A2 +A1
0

0

0

1

0

0

0

0
30 (0,0,1,−1,0,0,1,0) S
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homogeneous space Fundamental characters
k ⊕∧2(SL6) (1,0,0)(0,1,0)
(0,0,3)
(SL8) (16)
Spin8 ⊕ (SO8 ⊗ SL2)
(1,0,0)
(0,2,0)
(0,0,4)
1
4 ⊗ SL24)⊕ (
∧2(SL24)) (4,0)(0,2)
2 ⊕ k ⊕ (SO8 ⊗ SL2)
(2,0,2)
(0,1,0)
(0,0,4)
3 ⊗ SL2)⊕ (SL∗3 ⊗ SO6)
(4,4)
(0,6)
n10 ⊗ SL3 (12)
8 ⊕ k ⊕ Spin8
(2,0,0)
(0,1,0)
(0,0,2)
4 ⊕ (SL3 ⊗
∧2(SL4)) (2,3)(0,6)
(SL2 ⊗ SL4 ⊗ SL3) (1,0)(0,12)
(continued on next page)Table 5 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 Pre
21. D4 +A1
1

0

0

0

0

0

1

2
17
(0,0,0,0,0,0,−1,2)
(0,1,0,0,0,0,−1,0)
(0,−1,0,0,1,0,0,−1)
k ⊕
22. D4(a1)+A2
2

0

0

0

0

0

0

0
56 (0,−1,0,0,0,1,0,0) ∧3
23. A4 +A1
0

1

0

0

0

1

0

1
25
(−1,0,0,0,0,1,0,−1)
(−1,0,0,0,1,−1,0,1)
(0,1,0,0,0,−1,1,−1)
k ⊕
24. 2A3
0

1

0

0

1

0

0

0
22 (0,0,1,0,−1,0,0,1)
(−1,0,0,0,0,0,1,0) (SL
25. D5(a1)
0

1

0

0

0

1

0

2
19
(0,0,0,0,0,−1,1,1)
(−1,0,0,0,0,1,0,−1)
(0,1,0,0,0,−1,1,−1)
SL
26. A4 + 2A1
0

0

0

1

0

0

0

1
24 (1,1,0,−1,0,0,0,1)
(0,0,1,−1,0,1,0,−1) (SL
27. A4 +A2
0

0

0

0

0

2

0

0
48 (0,1,0,0,0,−1,0,1) Spi
28. A5
0

2

0

0

0

1

0

1
17
(0,0,1,0,0,−1,0,0)
(−1,0,0,0,0,1,0,−1)
(−1,0,0,0,1,−1,0,1)
SO
29. D5(a1)+A1
0

0

0

1

0

0

0

2
22 (0,0,0,−1,1,0,0,1)
(0,0,1,−1,0,1,0,−1) SL
30. A4 +A2 +A1
0

0

1

0

0

1

0

0
25 (0,0,1,0,0,−1,0,0)
(1,0,−1,0,1,−1,0,1) k ⊕
S.G
.Ja
ckso
n
,A.G
.Noël/Jo
u
rn
al
ofAlg
ebra
289(2005)515–557
547
Table 5 (continued)
ogeneous space Fundamental characters
∧3(SL7) (2,3)(0,7)
⊗ SL2)⊕ Spin10 (4,0)(4,4)
10 ⊕ Spin10
(1,0,0)
(0,2,0)
(0,1,2)
SO4)
SL13)
∗ ⊗ SL23)
(6,0)
(0,3)
SL4)⊕ (SL12 ⊗ SL22)∧2(SL4))
(2,0,1)
(0,2,0)
(0,0,2)
k ⊕ (SL∗4 ⊗ SO4)
(2,0,2)
(0,1,0)
(0,0,4)
(SL12 ⊗ SL22)
SL12 ⊗ SO6)
(2,2,2)
(0,2,0)
(0,0,4)
L4 ⊗ SL12)∧2(SL4)⊗ SL22)
(1,0,0)
(0,4,4)
(0,0,4)
⊕ (SL13 ⊗ SL2 ⊗ SL23)
(3,6)
(0,12)
∧2(SL4)⊕ (SL4 ⊗ SL2)
(1,0,0,0)
(0,1,0,0)
(0,0,2,0)
(0,0,1,2)
(continued on next page)Orbit Label Diagram dimg2 Highest weights of g2 Prehom
31. D4 +A2
2

0

0

0

0

0

0

2
42 (1,−1,0,0,0,0,0,1)
(0,−1,0,0,1,0,0,−1) SL
∗
7 ⊕
32. E6(a3)
0

2

0

0

0

0

2

0
36 (−1,0,0,0,0,1,−1,1)
(0,1,0,0,0,0,−1,0) (SO10
33. D5
0

2

0

0

0

0

2

2
27
(0,0,0,0,0,0,−1,2)
(−1,0,0,0,0,1,0,−1)
(0,1,0,0,0,0,−1,0)
k ⊕ SO
34. A4 +A3
0

0

0

1

0

0

1

0
21 (1,1,0,−1,0,0,0,1)
(0,0,1,−1,1,0,−1,0)
(SL13 ⊗
⊕ ((
35. A5 +A1
0

1

0

1

0

0

0

1
18
(1,1,0,−1,0,0,1,−1)
(−1,1,1,−1,0,0,0,1)
(−1,0,0,0,0,1,0,−1)
(SL12 ⊗
⊕ (
36. D5(a1)+A2
0

0

1

0

0

1

0

1
21
(0,1,−1,0,0,0,0,1)
(0,0,1,0,0,−1,0,0)
(1,0,−1,0,1,−1,1,−1)
SL4 ⊕
37. D6(a2)
1

0

1

0

0

0

1

0
18
(0,1,−1,0,0,0,0,1)
(1,−1,0,0,0,0,0,1)
(1,0,−1,0,1,0,−1,0)
SL22 ⊕
⊕ (
38. E6(a3)+A1
0

1

0

0

1

0

1

0
21
(−1,0,0,0,1,0,−1,0)
(0,0,1,0,−1,1,−1,0)
(−1,0,0,1,−1,0,0,1)
k ⊕ (S
⊕ (
39. E7(a5)
0

0

0

1

0

1

0

0
21 (0,0,1,0,0,−1,0,0)
(1,1,0,−1,0,0,0,1) (SL
1
3)
∗
40. D5 +A1
0

1

0

0

1

0

1

2
16
(0,0,0,0,0,0,−1,2)
(−1,0,0,0,1,0,−1,0)
(−1,0,0,1,−1,0,1,−1)
(0,0,1,0,−1,1,−1,0)
k ⊕ k ⊕
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Table 5 (continued)
homogeneous space Fundamental characters
(SL5)⊗ SL4 (40)
8 ⊕ (Spin8 ⊗ SL3) (2,0)(0,6)
k ⊕ SL2 ⊕ (SL2 ⊗ SO6)
(1,0,0,0)
(0,1,0,0)
(0,0,2,2)
(0,0,0,4)
1
2 ⊗ SL32)⊕ k
(SL12 ⊗ SL22 ⊗ SL3)
(2,0,0)
(0,1,0)
(0,0,6)
⊕ SL∗3
(SL12 ⊗ SL22 ⊗ SL3)
(2,1,4)
(0,2,2)
(0,0,6)
⊕ Spin8 ⊕ (SO8 ⊗ SL2)
(2,0,2)
(0,2,0)
(0,0,4)
⊕ (SL3 ⊗
∧2(SL5)) (2,5)(0,15)
k ⊕ k ⊕ k ⊕ SO6
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,1,0,0)
(0,0,0,1,0)
(0,0,0,0,2)
k ⊕ SO8 ⊕ Spin8
(1,0,0,0)
(0,1,0,0)
(0,0,2,0)
(0,0,0,2)
(continued on next page)Orbit Label Diagram dimg2 Highest weights of g2 Pre
41. E8(a7)
0

0

0

0

2

0

0

0
40 (0,0,1,0,−1,0,0,1) ∧2
42. A6
0

2

0

0

0

2

0

0
32 (0,0,1,0,0,−1,0,0)
(−1,0,0,0,1,−1,0,1) SO
43. D6(a1)
1

0

1

0

0

0

1

2
16
(0,0,0,0,0,0,−1,2)
(0,1,−1,0,0,0,1,−1)
(1,−1,0,0,0,0,1,−1)
(1,0,−1,0,1,0,−1,0)
k ⊕
44. A6 +A1
0

1

0

1

0

1

0

0
17
(1,1,0,−1,1,−1,0,0)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,0,0,1)
(SL
⊕
45. E7(a4)
0

0

0

1

0

1

0

2
17
(0,0,0,0,0,−1,1,1)
(0,0,1,0,0,−1,0,0)
(1,1,0,−1,0,0,1,−1)
SL22
⊕
46. E6(a1)
0

2

0

0

0

2

0

2
26
(0,0,0,0,0,−1,1,1)
(0,0,1,0,0,−1,0,0)
(−1,0,0,0,1,−1,1,−1)
SL2
47. D5 +A2
0

0

0

0

2

0

0

2
33 (0,0,0,0,−1,1,0,1)
(0,0,1,0,−1,0,1,−1) SL
∗
3
48. D6
1

2

1

0

0

0

1

2
10
(2,0,−1,0,0,0,0,0)
(0,0,0,0,0,0,−1,2)
(0,1,−1,0,0,0,1,−1)
(−1,−1,1,0,0,0,1,−1)
(−1,0,0,0,1,0,−1,0)
k ⊕
49. E6
0

2

0

0

0

2

2

2
18
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
(0,0,1,0,0,−1,0,0)
(−1,0,0,0,1,0,−1,0)
k ⊕
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Table 5 (continued)
mogeneous space Fundamental characters
(SL12 ⊗ SL22)
⊕ (SL12 ⊗SO4)
(2,2,0,2)
(0,2,0,0)
(0,0,1,0)
(0,0,0,4)
⊗ SL42)
(SL12 ⊗ SL32)
⊕ (SL12 ⊗ SL22)
(2,0,0,0)
(0,2,0,0)
(0,0,1,0)
(0,0,0,2)
(SL12 ⊗ SL32)⊕ k
(SL12 ⊗ SL22 ⊗ SL42)
(2,0,0,2)
(0,2,0,0)
(0,0,1,0)
(0,0,0,4)
SL42 ⊕ k
(SL12 ⊗ SL22 ⊗ SL42)
(2,0,0,2)
(0,2,0,2)
(0,0,1,0)
(0,0,0,4)
(SL3 ⊗ SL2 ⊗ SL4) (4,12)(0,12)
SL4 ⊕ (
∧2(SL4)⊗ SL∗3) (2,0,2)(0,2,3)
(0,0,6)
⊕ (SL12 ⊗ SL32)
k ⊕ (SL12 ⊗ SL22)
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,2,0,0)
(0,0,0,1,0)
(0,0,0,0,2)
L22 ⊕ SL12
SL22 ⊕ (SL12 ⊗ SL22)
(1,0,0,0,0)
(0,1,0,1,0)
(0,1,1,0,1)
(0,0,1,1,1)
(0,0,0,0,2)
(continued on next page)Orbit Label Diagram dimg2 Highest weights of g2 Preho
50. D7(a2)
0

1

0

1

0

1

0

1
15
(0,0,0,−1,1,0,0,1)
(1,1,0,−1,1,−1,0,0)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,0,1,−1)
SL22 ⊕
⊕ k
51. A7
0

1

0

1

0

1

1

0
13
(0,0,0,−1,1,0,0,1)
(1,1,0,−1,1,−1,0,0)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,1,−1,0)
(SL32
⊕
⊕ k
52. E6(a1)+A1
0

1

0

1

0

1

0

2
15
(0,0,0,0,0,−1,1,1)
(1,1,0,−1,1,−1,0,0)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,0,1,−1)
SL42 ⊕
⊕
53. E7(a3)
0

2

0

1

0

1

0

2
13
(1,0,1,−1,0,0,0,0)
(0,0,0,0,0,−1,1,1)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,0,1,−1)
SL22 ⊕
⊕
54. E8(b6)
0

0

0

2

0

0

0

2
28 (0,0,0,−1,1,0,0,1)
(1,1,0,−1,0,0,1,−1) SL
∗
4 ⊕
55. D7(a1)
0

2

0

0

2

0

0

2
25
(0,0,0,0,−1,1,0,1)
(1,1,0,0,−1,0,0,0)
(−1,0,0,1,−1,0,1,−1)
SL3 ⊕
56. E6 +A1
0

1

0

1

0

1

2

2
11
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
(1,1,0,−1,1,−1,0,0)
(−1,0,0,1,0,−1,0,0)
(−1,1,1,−1,0,1,−1,0)
k ⊕ k
⊕
57. E7(a2)
1

0

1

0

1

0

2

2
11
(0,0,0,0,0,0,−1,2)
(0,0,0,0,−1,1,1,−1)
(1,1,0,0,−1,0,0,0)
(0,1,−1,0,0,1,−1,0)
(1,−1,0,0,0,1,−1,0)
k ⊕ S
⊕
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Table 5 (continued)
mogeneous space Fundamental characters
2
3)
∗ ⊗ SL22)
(SL12 ⊗ SL13 ⊗ SL23)
(6,6)
(0,12)
⊕ k ⊕ k ⊕ k ⊕ SO4
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,0,0,1,0)
(0,0,0,0,0,2)
L23
(SL13 ⊗ SL2 ⊗ (SL23)∗)
(1,0,0)
(0,3,6)
(0,0,12)
⊕ SL2 ⊕ k ⊕ SL2 ⊕ SL2
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,0,1,0)
(0,0,1,0,0,1)
(0,0,0,1,0,0)
(0,0,0,0,1,1)
⊕ (SL3 ⊗ SL32)
(SL12 ⊗SL22 ⊗SL∗3)
(2,2,2)
(0,4,4)
(0,0,6)
L22 ⊕ SL∗3
(SL12 ⊗SL22 ⊗SL3)
(1,0,0,0)
(0,2,1,4)
(0,0,2,2)
(0,0,0,6)
⊕ k ⊕ k ⊕ k ⊕ k ⊕ k
(1,0,0,0,0,0,0)
(0,1,0,0,0,0,0)
(0,0,1,0,0,0,0)
(0,0,0,1,0,0,0)
(0,0,0,0,1,0,0)
(0,0,0,0,0,1,0)
(0,0,0,0,0,0,1)
(continued on next page)Orbit Label Diagram dimg2 Highest weights of g2 Preho
58. E8(a6)
0

0

0

2

0

0

2

0
24 (0,0,0,−1,1,0,0,1)
(1,1,0,−1,0,1,−1,0)
((SL
⊕
59. D7
1

2

1

0

1

1

0

1
9
(2,0,−1,0,0,0,0,0)
(−1,1,1,0,−1,0,0,0)
(0,1,−1,0,1,−1,0,0)
(−1,−1,1,0,1,−1,0,0)
(0,0,0,0,−1,1,0,1)
(0,−1,−1,1,0,0,1,−1)
k ⊕ k
60. E8(b5)
0

0

0

2

0

0

2

2
22
(0,0,0,0,0,0,−1,2)
(0,0,0,−1,1,0,1,−1)
(1,1,0,−1,0,1,−1,0)
k ⊕ S
⊕
61. E7(a1)
1

2

1

0

1

0

2

2
9
(2,0,−1,0,0,0,0,0)
(0,0,0,0,0,0,−1,2)
(0,0,0,0,−1,1,1,−1)
(−1,1,1,0,−1,0,0,0)
(0,1,−1,0,0,1,−1,0)
(−1,−1,1,0,0,1,−1,0)
k ⊕ k
62. E8(a5)
0

2

0

2

0

0

2

0
20
(1,0,1,−1,0,0,0,0)
(0,0,0,−1,1,0,0,1)
(−1,1,1,−1,0,1,−1,0)
SL22
⊕
63. E8(b4)
0

2

0

2

0

0

2

2
18
(0,0,0,0,0,0,−1,2)
(1,0,1,−1,0,0,0,0)
(0,0,0,−1,1,0,1,−1)
(−1,1,1,−1,0,1,−1,0)
k ⊕ S
⊕
64. E7
1

2

1

0

1

2

2

2
7
(2,0,−1,0,0,0,0,0)
(0,0,0,0,−1,2,−1,0)
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
(−1,1,1,0,−1,0,0,0)
(0,1,−1,0,1,−1,0,0)
(−1,−1,1,0,1,−1,0,0)
k ⊕ k
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ehomogeneous space Fundamental characters
2
2 ⊕ SL42 ⊕ (SL32 ⊗ SL42)
⊕ (SL12 ⊗ SL22 ⊗ SL32)
(2,0,0,2)
(0,2,2,2)
(0,0,2,0)
(0,0,0,4)
k ⊕ SL22 ⊕ SL32
⊕ (SL12 ⊗ SL22 ⊗ SL32)
(1,0,0,0,0)
(0,1,0,0,0)
(0,0,2,0,2)
(0,0,0,2,2)
(0,0,0,0,4)
k ⊕ SL12 ⊕ SL12
⊕ SL22 ⊕ (SL12 ⊗ SL22)
(1,0,0,0,0,0)
(0,1,0,0,0,0)
(0,0,1,1,0,0)
(0,0,1,0,1,1)
(0,0,0,1,1,1)
(0,0,0,0,0,2)
k ⊕ k ⊕ k
⊕ SL2 ⊕ SL2 ⊕ SL2
(1,0,0,0,0,0,0)
(0,1,0,0,0,0,0)
(0,0,1,0,0,0,0)
(0,0,0,1,0,0,0)
(0,0,0,0,1,1,0)
(0,0,0,0,1,0,1)
(0,0,0,0,0,1,1)
k ⊕ k ⊕ k
⊕ k ⊕ k ⊕ k ⊕ k
(1,0,0,0,0,0,0,0)
(0,1,0,0,0,0,0,0)
(0,0,1,0,0,0,0,0)
(0,0,0,1,0,0,0,0)
(0,0,0,0,1,0,0,0)
(0,0,0,0,0,1,0,0)
(0,0,0,0,0,0,1,0)
(0,0,0,0,0,0,0,1)Table 5 (continued)
Orbit Label Diagram dimg2 Highest weights of g2 Pr
65. E8(a4)
0

2

0

2

0

2

0

2
16
(1,0,1,−1,0,0,0,0)
(0,0,0,0,0,−1,1,1, )
(0,0,0,−1,1,0,1,−1)
(−1,1,1,−1,1,−1,0,0)
SL
66. E8(a3)
0

2

0

2

0

2

2

2
14
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
(1,0,1,−1,0,0,0,0)
(0,0,0,−1,1,1,−1,0)
(−1,1,1,−1,1,−1,0,0)
k ⊕
67. E8(a2)
2

2

2

0

2

0

2

2
12
(2,0,−1,0,0,0,0,0)
(0,0,0,0,0,0,−1,2)
(0,1,−1,1,−1,0,0,0)
(−1,−1,1,1,−1,0,0,0)
(0,0,0,0,−1,1,1,−1)
(0,−1,−1,1,0,1,−1,0)
k ⊕
68. E8(a1)
2

2

2

0

2

2

2

2
10
(2,0,−1,0,0,0,0,0)
(0,0,0,0,−1,2,−1,0)
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
(0,1,−1,1,−1,0,0,0)
(−1,−1,1,1,−1,0,0,0)
(0,−1,−1,1,1,−1,0,0)
k ⊕
69. E8
2

2

2

2

2

2

2

2
8
(2,0,−1,0,0,0,0,0)
(0,2,0,−1,0,0,0,0)
(−1,0,2,−1,0,0,0,0)
(0,−1,−1,2,−1,0,0,0)
(0,0,0,−1,2,−1,0,0)
(0,0,0,0,−1,2,−1,0)
(0,0,0,0,0,−1,2,−1)
(0,0,0,0,0,0,−1,2)
k ⊕
552 S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–557is a relative invariant of bi-degree (1,2). If f were not prime, then there would be a relative
invariant of bi-degree (1,0) or (1,1). But the space of polynomials of bi-degree (1,0) is
isomorphic to the dual of SO10; consequently it is an irreducible [G0,G0]-module, so it
cannot contain a relative invariant. On the other hand, the space of polynomials of bi-degree
(1,1) is isomorphic to Hom(SO10,Spin∗10). Then(
Hom
(
SO10,Spin∗10
))[G0,G0] = Hom[G0,G0](SO10,Spin∗10).
By Schur’s lemma, this must be zero. Consequently f is prime, and (1,2) is a fundamental
character.
4.3.5. E7, Orbit 33. Since the action of SL2 commutes with that of SL3 ×SL3, it stabilizes
k[g2]SL3×SL3 , and
k[g2][G0,G0] =
(
k[g2]SL3×SL3
)SL2 .
As SL3 × SL3-module,
g2 = SL23 ⊕
(
SL13 ⊗
(
SL23
)∗)⊕ (SL13 ⊗ (SL23)∗).
By Theorem 3.1,
k[g2] =
⊕
d(D)1
d(E)3
d(F )3
(
ρD3,2
)∗ ⊗ (ρE3,1)∗ ⊗ ρE3,2 ⊗ (ρF3,1)∗ ⊗ ρF3,2,
where ρD3,i denotes the representation of the ith copy of SL3 corresponding to the diagram
D. By Schur’s lemma, the summand determined by the diagrams D,E, and F contains
a relative invariant if and only if (i) ρE3,1 is dual to ρF3,1 and (ii) ρF3,2 has non-vanishing
multiplicity in ρD3,2 ⊗ (ρE3,2)∗. If
F =
. . .
. . .
. . .
. . .
. . .
. . .
i︷ ︸︸ ︷ j︷ ︸︸ ︷ k︷ ︸︸ ︷
then condition (i) forces
E =
. . .
. . .
. . .
. . .
. . .
. . .
l︷ ︸︸ ︷ k︷ ︸︸ ︷ j︷ ︸︸ ︷
.By the Pieri rule [FH91, p. 79],
S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–557 553ρD3,2 ⊗
(
ρE3,2
)∗ = ρD3,2 ⊗ ρF3,2 =⊕
G
ρG3,2,
where the sum is over all G obtained from F by adding |D| boxes, no more than one to a
column. The only such G for which ρG3,2 = ρF3,2 is
G =
. . .
. . .
. . .
. . .
. . .
. . .
i︷ ︸︸ ︷ j︷ ︸︸ ︷ k︷ ︸︸ ︷
︸︷︷︸
p
︸︷︷︸
p
︸︷︷︸
p
forcing |D| = 3p. Consequently the monoid of tri-degrees (d1, d2, d3) such that the ho-
mogeneous component k[g2](d1,d2,d3) contains an SL3 × SL3-invariant is isomorphic to the
monoid of quintuples (i, j, k, l,p) of non-negative integers satisfying p min(j, k). The
latter is generated by
t1 = (1,0,0,0,0), t2 = (0,1,0,0,0), t3 = (0,0,1,0,0),
t4 = (0,0,0,1,0), t5 = (0,1,1,0,1),
corresponding to SL3 × SL3-invariants f1, . . . , f5, respectively. Then k[g2]SL3×SL3 is gen-
erated by f1, . . . , f5, and inspection of the diagrams D,E, and F corresponding to these
generators yields
degf1 = (0,3), degf2 = (0,3), degf3 = (0,3),
degf4 = (0,3), degf5 = (3,6),
where deg is the bi-degree determined by the decomposition
g2 = SL23 ⊕
(
SL2 ⊗ SL13 ⊗
(
SL23
)∗)
.
The action of SL2 stabilizes the span of f1, . . . , f5. Another inspection of the correspond-
ing diagrams D,E,F shows that f1, . . . , f5 are weight vectors for this action, of weights
3,1,−1,−3, and 0 respectively. It follows that f5 is SL2-invariant, while f1, . . . , f4 span
an SL2-module isomorphic to S3(SL2). Then
(
k[g2]SL3×SL3
)SL2 = k[f1, . . . , f5]SL2 = k[f1, . . . , f4]SL2 ⊗ k[f5]
= k[S3(SL2)]SL2 ⊗ k[f5].
Looking in [SK77], we find that the first factor is generated by a single polynomial g of
degree 4 in f1, . . . , f4; since these in turn have bi-degree (0,3), g has bi-degree (0,12).
554 S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–5574.3.6. E7, Orbit 29. Let φ : SL4 → SO6 be the two-fold covering homomorphism. Any
representation of SO6 determines a representation of SL4 by composition with φ. If
D =
. . .
. . .
. . .
. . .
. . .
. . .
i︷ ︸︸ ︷ j︷ ︸︸ ︷ k︷ ︸︸ ︷
then σD6 pulls back to ρ
D˜+
4 ⊕ ρD˜−4 , where
D˜+ =
. . .
. . .
. . .
. . .
. . .
. . .
j︷ ︸︸ ︷ k︷ ︸︸ ︷ 2i+j︷ ︸︸ ︷
and D˜− =
. . .
. . .
. . .
. . .
. . .
. . .
2i+j︷ ︸︸ ︷ k︷ ︸︸ ︷ j︷ ︸︸ ︷
unless i = 0, in which case it pulls back to ρD˜+4 = ρD˜−4 . In particular, the standard repre-
sentation of SO6 pulls back to
∧2
(SL4).
By Theorems 3.1, 3.2, and 3.4, k[g2] is a quotient of
k[SL4] ⊗ H[SO6 ⊗ SL3] ⊗ k
[
S2(SL3)
]
=
⊕
D,E,F
(
ρD4
)∗ ⊗ (σE6 )∗ ⊗ (ρE3 )∗ ⊗ (ρ2F3 )∗
=
⊕
D,E,F
(
ρD4
)∗ ⊗ (ρE˜+4 ⊕ ρE˜−4 )∗ ⊗ (ρE3 )∗ ⊗ (ρ2F3 )∗.
The summand corresponding to the triple (D,E,F ) contains a relative invariant if and
only if (i) ρE3 is dual to ρ2F3 and (ii) ρD4 is dual to either ρ
E˜+
4 or ρ
E˜−
4 . Let
F =
. . .
. . .
. . .
. . .
. . .
. . .
i︷ ︸︸ ︷ j︷ ︸︸ ︷ k︷ ︸︸ ︷
.
Then condition (i) forces
E =
. . .
. . .
. . .
. . .
. . .
. . .
l︷ ︸︸ ︷ 2k︷ ︸︸ ︷ 2j︷ ︸︸ ︷
so that
˜ . . .. . . . . .. . . . . .
2k︷ ︸︸ ︷ 2j︷ ︸︸ ︷ 2l+2k︷ ︸︸ ︷ ˜ . . .. . . . . .. . . . . .
2l+2k︷ ︸︸ ︷ 2j︷ ︸︸ ︷ 2k︷ ︸︸ ︷
E+ =
. . .
and E− =
. . .
.
S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–557 555Since D has depth one, condition (ii) forces j = k = 0. Consequently the monoid of
tri-degrees corresponding to relative invariants is generated by (i, l) = (1,0) and (i, l) =
(0,1). The first generator corresponds to diagrams
(D,E,2F) =
∅,∅,

so its character is (0,6). The second generator corresponds to
(D,E,2F) =
 , ,∅

and its character is (2,3).
4.3.7. E7, Orbit 37. Via the multiplication map, k[SO10 ⊗ SL2] is a quotient of⊕
D,E(σ
D
10)
∗ ⊗ ρD2 ⊗ ρ2E2 , where D and E have depth not exceeding two. On the other
hand, it follows from [HU91, §11.10] that
k[Spin10] =
⊕
i,j0
V (iω1 + jω5),
where V (λ) is the irreducible Spin10 module of highest weight λ and the summand cor-
responding to the pair (i, j) consists of homogeneous polynomials of degree 2i + j .
Consequently as Spin10 × SL2-module,
k
[
(SO10 ⊗ SL2)⊕ Spin10
]⊆ ⊕
D,E,i,j
(
σD10
)∗ ⊗ ρD2 ⊗ ρ2E2 ⊗ V (iω1 + jω5).
The summand corresponding to (D,E, i, j) contains a relative invariant if and only if
σD10 = V (iω1 + jω5) and ρD2 is dual to ρ2E2 . Since the depth of D does not exceed two,
this forces j = 0 and d(D) 1. If
E = . . .. . . . . .
p︷ ︸︸ ︷ q︷ ︸︸ ︷
,
then necessarily |D| = 2q . Thus if (p, q) = (1,0) then
(D,2E, i, j) =
(
∅, ,0,0
)
and the resulting relative invariant has bi-degree (4,0). If (p, q) = (0,1) then( )(D,2E, i, j) = , ,2,0 .
556 S.G. Jackson, A.G. Noël / Journal of Algebra 289 (2005) 515–557Since the corresponding summand involves both harmonics and invariants, it is neces-
sary to check that it does not collapse to zero under the multiplication map; this can be
done quickly with LiE’s sym_tensor function. The resulting relative invariant has bi-
degree (4,4).
4.3.8. E8, Orbit 31. Pulling back the fundamental relative invariant of
∧3
(SL7), we find
that (0,7) is a fundamental character. By Lemma 4.2, it suffices to find one additional
fundamental character. There is a non-zero relative invariant of bi-degree (i, j) if and only
if the multiplicity of Si (SL7) in Sj (
∧3
(SL7)) is non-zero. Decomposing low symmetric
powers of
∧3
(SL7) using LiE, we find that Sj (
∧3
(SL7)) has no component isomorphic
to Si (SL7) for j = 0,1,2, while S3(∧3(SL7)) has a component isomorphic to S2(SL7).
Consequently (2,3) is a fundamental character.
4.3.9. E8, Orbit 47. By Theorem 3.2, as SL5-module,
k
[
SL3 ⊗
∧2
(SL5)
]
= k
[∧2
(SL5)⊕
∧2
(SL5)⊕
∧2
(SL5)
]
=
⊕
D,E,F
(
ρD5
)∗ ⊗ (ρE5 )∗ ⊗ (ρF5 )∗,
where the sum is over those D,E,F having all even columns. The summand correspond-
ing to the triple D,E,F contains a non-vanishing SL5-invariant if and only if (ρF5 )
∗ has
non-vanishing multiplicity in ρD5 ⊗ ρE5 . In particular, by the Pieri rule, this is the case for
(D,E,F ) =
 , ,
 .
Denote the corresponding SL5-invariant by f ; then the tri-degree of f determined by the
decomposition above is (1,1,3). By considering this tri-degree and using the Pieri rule, one
sees that f is a lowest weight vector for the action of SL3, of weight −2ω2. Consequently
the span of SL3 · f is an irreducible SL3-module isomorphic to S2(SL3). Hence we can
choose a basis f11, . . . , f33 for this span such that, for g ∈ SL3,[
gf11 gf12 gf13
gf12 gf22 gf23
gf13 gf23 gf33
]
= (g−1)t [f11 f12 f13f12 f22 f23
f13 f23 f33
]
g−1.
On the other hand, if x1, x2, x3 are the standard coordinates on SL∗3, then[
gx1
gx2
]
= g
[
x1
x2
]
.gx3 x3
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h = [x1 x2 x3 ]
[
f11 f12 f13
f12 f22 f23
f13 f23 f33
][
x1
x2
x3
]
is a relative invariant of character (2,5). If h were not prime, then it would have a factor of
character (0, i) for 1 i  5 or (1, j) for 1 j  2. In the former case, this factor would
descend to SL3 ⊗∧2(SL5), contradicting [SK77]. In the latter case, SL3 ⊗∧2(SL5) would
support non-vanishing SL5-invariants in degree j . Routine calculations with the Pieri rule
show this to be impossible.
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